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Ultrastrong-coupling between two-level systems and radiation is important for both fundamental
and applied quantum electrodynamics (QED). Such regimes are identified by the breakdown of the
rotating-wave approximation, which applied to the quantum Rabi model (QRM) yields the appar-
ently less fundamental Jaynes-Cummings model (JCM). We show that when truncating the material
system to two levels, each gauge gives a different description whose predictions vary significantly
for ultrastrong-coupling. QRMs are obtained through specific gauge choices, but so too is a JCM
without needing the rotating-wave approximation. Analysing a circuit QED setup, we find that
this JCM provides more accurate predictions than the QRM for the ground state, and often for the
first excited state as well. Thus, Jaynes-Cummings physics is not restricted to light-matter coupling
below the ultrastrong limit. Among the many implications is that the system’s ground state is not
necessarily highly entangled, which is usually considered a hallmark of ultrastrong-coupling.
INTRODUCTION
Progress in experimental cavity and circuit quantum
electrodynamics has granted unprecedented access to the
strong, ultrastrong, and deep-strong light-matter cou-
pling regimes [1–14]. Recently circuit QED experiments
involving a single LC-oscillator mode with frequency ω
coupled to a flux-qubit with transition frequency ωm have
realised couplings g as large as g/ω ranging from 0.72 to
1.34, with g/ωm  1 [11]. Such regimes offer a new
testing ground for the foundations of quantum theory,
and offer opportunities for the development of quantum
technologies.
Our interest is in material systems that possess anhar-
monic spectra, and which are commonly truncated to two
levels (qubits). In this case conventional forms of light-
matter interaction Hamiltonian yield the so-called quan-
tum Rabi model (QRM), which consists of a linear inter-
action between the radiation mode and the qubit. Per-
forming the rotating-wave approximation (RWA) then
yields the celebrated Jaynes-Cummings model (JCM),
which owing to its simple exact solution, has provided
deep physical understanding in a wide range of contexts
[15–18]. In the ultrastrong-coupling regime 0.1 < g/ω <
1 the RWA is no longer valid [3, 5, 11] and it is there-
fore widely believed that the Jaynes-Cummings model
breaks down. For this reason the QRM is considered
indispensible and has found myriad applications in con-
densed matter, quantum optics, and quantum informa-
tion theory [19–24]. A disadvantage of the QRM when
compared to the JCM is the lack of any simple solu-
tion, which makes its physical interpretation more diffi-
cult [25]. Despite this difficulty, the QRM is known to
possess some markedly different physical features com-
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pared to the JCM. For example, the JCM predicts that
there is no atom-photon entanglement within the ground
state, while the ground state of the QRM is highly en-
tangled within the ultrastrong-coupling regime [26].
It was noted sometime ago in the context of scatter-
ing theory that retaining only a subset of states raises
the prospect of gauge non-invariance [27–35]. Yet, when
the coupling is weak it possible to elicit gauge-invariance
through systematically accounting for the effects of the
truncation [36], and the choice of gauge has no practical
implications for the qualitative physical conclusions. It
has also been shown in the traditional setting of a single
atom weakly-coupled to a (multimode) radiation reserv-
ior, that number-conserving (JCM-type) light-matter in-
teraction Hamiltonians can be obtained without recourse
to the RWA [37–39].
Very recently, the validity of two-level truncations per-
formed in the Coulomb and multipolar gauges has been
assessed [40, 41]. The multipolar-gauge was found to offer
a more accurate QRM than the Coulomb-gauge for the
particular systems and regimes considered there. This
was directly attributed to differences in the correspond-
ing forms of coupling. Specifically, contributions of ma-
terial levels above the first two were found to be sup-
pressed for dipole moment matrix elements that feature
in the multipolar-gauge coupling, but not for canonical
momentum matrix elements that feature in the Coulomb-
gauge coupling.
While Refs. [40, 41] provide valuable comparisons of
the Coulomb and multipolar gauges, we employ a more
general approach whereby gauge-freedom is encoded into
the value of a single real parameter. Our methods are
applicable to arbitrary systems in QED including both
cavity and circuit QED implementations. We show that
corresponding to a given unique light-matter Hamilto-
nian there is a continuous infinity of non-equivalent two-
level models, each of which corresponds to a different
choice of gauge. We thereby obtain the most general
possible Hermitian interaction operator that is bilinear in
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2qubit and oscillator raising and lowering operators, and
which is therefore more general than the JCM or QRM
forms. We show that a specific choice of gauge, which
we call the JC-gauge, yields a JCM without any need for
the RWA. There are also two gauges that yield distinct
QRMs. To understand the implications of our approach
within the ultrastrong-coupling regime we consider in de-
tail a fluxonium-LC oscillator circuit QED system. We
show that the breakdown of the RWA in strong and ul-
trastrong coupling regimes does not imply a breakdown
of the JCM.
RESULTS
Our key findings are as follows:
(i) A finite-level truncation of the matter system ru-
ins the gauge-invariance of the theory. In the
ultrastrong-coupling regime, the predictions relat-
ing to the same physical observable are generally
significantly different within any two distinct two-
level models. However, it remains meaningful to
ask which truncation produces the best approxima-
tion of the unique physics. We are able to deter-
mine the accuracy of approximate two-level models
by benchmarking against the unique predictions of
the non-truncated (exact and gauge-invariant) the-
ory.
(ii) Each two-level model admits a RWA, which yields
a corresponding JCM. The only exception to this
occurs in the case of the two-level model associated
with the JC-gauge wherein the counter-rotating
terms are automatically absent. This JCM is valid
far beyond the regime of validity of the RWA
as applied to the QRM. It follows that Jaynes-
Cummings physics is not necessarily restricted to
the weak-coupling regime. In particular, indepen-
dent of the coupling strength the ground state is
not entangled in the JC-gauge two-level model.
(iii) When focusing on predictions that involve the
lowest-lying energy eigenstates of the composite
system, the JC-gauge two-level model nearly al-
ways outperforms the available QRMs within the
regimes of interest. Thus, the JCM can and should
be used in various situations previously thought to
require use of the QRM.
Light-matter Hamiltonian
We first present our approach within the context of
cavity QED. We consider a material system with charge e
and mass m described by position and velocity variables
r and r˙ and with potential energy V (r). The material
system interacts with an electromagnetic field described
by the gauge-invariant transverse vector potential A and
the associated transverse electric field −A˙ = ET. The
total vector potential is given by Atot = A + AL where
the longitudinal part AL determines the gauge. In the
Coulomb-gauge AL = 0 so Atot = A. The scalar poten-
tial A0 that then accompanies A is, upto a factor of e,
the Coulomb potential. As is well-known, the Maxwell-
Lorentz equations are invariant under a gauge transfor-
mation taking the form A0 → A0− ∂χ/∂t, A→ A +∇χ
where AL = ∇χ and χ is an arbitrary function. Here we
employ a formulation in which this gauge-freedom is con-
tained within a single real parameter α, which determines
the gauge through the function χα. This function in turn
defines a Lagrangian Lα (see Methods). The value α = 0
specifies the Coulomb gauge while the Poincare´ (multi-
polar) gauge also commonly used in atomic physics is
obtained by choosing α = 1.
Moving to the Hamiltonian description canonical mo-
menta are defined in the usual way as pα = ∂Lα/∂r˙
and Πα = δLα/δA˙. Quantisation of the system is car-
ried out using Dirac’s method [42] full details of which
are given in Supplementary Note 1. As in conventional
derivations of the QRM and JCM we restrict our atten-
tion to a single cavity mode. Recently it was shown that
the single-mode approximation can breakdown in the ul-
trastrong coupling regime and in particular that it elimi-
nates the requisite spatio-temporal structure necessary to
elicit causal signal propagation [43]. However, the single-
mode approximation does not result in a breakdown of
gauge-invariance because gauge transformations remain
unitary in the single-mode theory. The generalisation to
the multimode case is straightforward [36, 39], but is not
necessary for understanding the implications of gauge-
freedom within two-level models. Following conventional
derivations we also make the electric dipole approxima-
tion, which similarly does not affect the gauge-invariance
of the theory.
With these simplifications the α-gauge canonical mo-
menta pα, Πα are related to manifestly gauge-invariant
observables by
mr˙ = pα + e(1− α)A, (1)
ET = −Πα − αε(dˆ · ε)
v
, (2)
where dˆ = −er is the material dipole moment, v denotes
the cavity volume, ω denotes the cavity frequency, and ε
is a cavity unit polarisation vector. The Hamiltonian is
the sum of material and cavity energies
H = Ematter + Ecavity, (3)
where Ematter = mr˙
2/2 + V (r) and Ecavity = v(E
2
T +
ω2A2)/2. The Hamiltonian is expressible in terms of the
α-gauge canonical operators using Eqs. (1) and (2), with
the well-known Coulomb-gauge (α = 0) and Poincare´-
gauge (α = 1) forms obtained as specific examples.
The energy is a particular example of a gauge-invariant
observable, which in Eq. (3) has been expressed as a
3function of the elementary gauge-invariant observables
x = {r, r˙,A,ET}. More generally when written in terms
of x any observable O possesses a unique functional form
O ≡ O(x). The theory is gauge-invariant in that the pre-
dictions concerning any gauge-invariant observable can
be calculated using any gauge and these predictions are
unique. The canonical momenta {pα,Πα} are however,
manifestly gauge-dependent in that for each different α
they constitute different functions of the gauge-invariant
observables x. When written in terms of canonical op-
erators yα = {r,pα,A,Πα}, an observable O generally
possesses an α-dependent functional form O = oα(yα).
The canonical operators belonging to fixed gauges α and
α′ are related using the unitary gauge-fixing transforma-
tion Rαα′ = exp[i(α−α′)dˆ·A]. This implies that distinct
functional forms oα and oα
′
of the observable O are re-
lated according to
O = oα(yα) = Rαα′o
α(yα′)R
−1
αα′ ≡ oα
′
(yα′). (4)
This equation expresses the uniqueness of physical ob-
servables independent of the chosen gauge.
The unitarity of the gauge transformation Rαα′ also
ensures that in all gauges the canonical operators sat-
isfy the canonical commutation relations [ri, pα,j ] = iδij ,
[Ai,Πα,j ] = iεiεj/v with all remaining commutators be-
tween canonical operators being zero. These relations al-
low us to decompose the state spaceH of the light-matter
system into α-dependent matter and cavity state spaces
Hαm and Hαc such that H = Hαm⊗Hαc . The eigenstates of
the canonical operators r,pα provide a basis for the ma-
terial space Hαm while the eigenstates of the canonical op-
erators A,Πα provide a basis for the cavity space Hαc . It
is not possible to define gauge-invariant (α-independent)
light and matter quantum subsystem state spaces di-
rectly in terms of the gauge-invariant observables x, be-
cause Eqs. (1) and (2) along with the canonical commu-
tation relations imply that [mr˙i, ET,j ] = −ieεiεj/v 6= 0.
The present theory yields unique physical predictions
despite the α-dependence of the quantum subsystems.
This is because the representation of an observable by
operators is unique as expressed by Eq. (4), which im-
plies that the average of an observable O in the state
|ψ〉 is unambiguously 〈ψ|O |ψ〉. The α-dependence of
the quantum subsystems is however an important fea-
ture of the theory, which is made transparent within our
formulation. An approximation performed on one of the
quantum subsystems will constitute a different approxi-
mation in each gauge, and may ruin the gauge-invariance
of the theory.
Non-equivalent two-level models
In conventional approaches a gauge is chosen at the
outset and the Hamiltonian is partitioned into matter
and cavity bare energies plus an interaction part. Here
we follow this same procedure, but with the important
exception that the gauge is left open rather than fixed.
This is achieved through substitution of Eqs. (1) and (2)
into Eq. (3), which casts the total Hamiltonian in the
form H = Hαm(r,pα)⊗ Iαc + Iαm ⊗Hαc (A,Πα) + V α(yα).
Here Iαm and I
α
c are the identity operators in Hαm and Hαc
respectively, Hαm and H
α
c are material and cavity bare
energies in Hαm and Hαc respectively, and V α denotes the
interaction Hamiltonian. The explicit forms of Hαm, H
α
c
and V α are given in Eqs. (9), (10) and (11) in Methods.
One of the most useful and widespread approxima-
tions in light-matter theory is a two-level truncation of
the material system whereby only the first two eigen-
states |α0 〉 , |α1 〉 of the material bare energy Hαm are re-
tained. Our approach reveals that this procedure ruins
the uniqueness of physical predictions that results from
Eq. (4). Using the projection Pα = |α0 〉 〈α0 | + |α1 〉 〈α1 |
we obtain the α-gauge two-level model Hamiltonian
Hα2 =ωmσ
+
α σ
−
α + ωα
(
c†αcα +
1
2
)
+ ∆α
+ iu−α (σ
+
α cα − σ−α c†α) + iu+α (σ+α c†α − σ−α cα) (5)
where u±α = ±(d · ε)[ωαα ∓ ωm(1 − α)]/
√
2ωαv and
∆α = 0 + α
2(d · ε)2/2v is an α-dependent zero-point
shift. The transition dipole moment d = 〈α1 | − er |α0 〉,
which is assumed to be real, is α-independent, because r
commutes with Rαα′ . The material Hamiltonian’s eigen-
values 0 and 1 = ωm + 0 corresponding to material
states |α0 〉 and |α1 〉 respectively, are also α-independent
because Hαm = Rαα′H
α′
m R
−1
αα′ . The complete derivation
of Eq. (5) is given in Methods.
An important topic relating to two-level models and
the choice of gauge in light-matter physics concerns the
occurrence or otherwise of a super-radiant phase transi-
tion in the Dicke-model at strong-coupling [40, 44–48]. A
precursor already occurs in the QRM whereby beyond a
critical coupling point an exponential closure of the first
transition energy occurs [49–51]. We note that in Eq.
(5) counter-rotating and number-conserving interactions
generally have different coupling strengths, and a strict
bound cannot be given for either coupling independent of
the material potential, except if α = 0. It follows that the
standard “no-go theorem” concerning the ground state
instability of a single-dipole, holds in general only in the
Coulomb gauge [41, 44–47]. An arbitrary-gauge analysis
of this topic is important, but lies beyond the scope of
this article and will be discussed elsewhere.
We are concerned with the α-dependence of predic-
tions obtained when using the Hamiltonian in Eq. (5).
This Hamiltonian has neither JC nor Rabi form, because
|u+α | 6= |u−α | and u+α 6= 0 except when particular values
of α are chosen. Specifically, two distinct QRMs are ob-
tained for the choices α = 0 and α = 1, which are nothing
but the Coulomb and Poincare´-gauge QRMs frequently
encountered in quantum optics. On the other hand, by
choosing α = αJC, which solves the coupled equations
αJC(ωm+ωJC) = ωm and ω
2
JC = ω
2+e2(1−αJC)2/mv we
obtain u+JC ≡ 0 and u−JC = −2(d ·ε)ωm
√
ωJC/[
√
2v(ωJC +
41
α = 0 αJC α = 1
y0 yJC y1
H0m H0c
HJCm
HJCc
H1c
H1m
R0JC RJC1
H02 H
JC
2
H12
P 0 P JC P 1
FIG. 1: Three important gauges and their non-
equivalent two-level models. The α = 0, α = αJC and
α = 1 gauges, and their associated two-level truncations. The
different gauges are associated with different unitarily related
canonical operators y0, yJC and y1 respectively, which in-
duce different subsystem decompositions of the light-matter
Hilbert space. The composite Hilbert space and the Hamil-
tonian are unique, but a projection onto the first two levels
of the material system results in distinct two-level models
with Hamiltonians H02 , H
JC
2 and H
1
2 respectively. The α = 0
and α = 1 gauge two-level model interaction Hamiltonians
both have Rabi form and therefore describe real processes
represented by the solid green and orange arrows, as well
as counter-rotating processes represented by the dashed ar-
rows. The αJC-gauge two-level model interaction has Jaynes-
Cummings form and therefore all processes it describes are
real.
ωm)]. This choice therefore yields a JC Hamiltonian
without any need for the RWA. The JCM derived in this
way possesses the same advantage of exact solvability as
conventional JCMs obtained as RWAs of the Coulomb
and Poincare´-gauge QRMs. However, the states |JC〉,
operators σ±JC, and parameters u
−
JC, ωJC are different to
their counterparts within conventional JCMs. In par-
ticular, the renormalised cavity frequency ωJC together
with the zero-point shift ∆JC yield a ground state energy
that is a non-constant function of the Coulomb-gauge and
multipolar-gauge QRM coupling parameters.
Having derived an expression for the energy, most
properties of practical interest can now be calculated us-
ing the two-level model associated with any gauge. This
includes atomic populations and coherences, as well as
various cavity properties such as photon number. It is
however possible to go further by defining the two-level
representation of any additional observable of interest O
as Oα2 = P
αOPα. Restricting the state space Hαm to
the two-dimensional subspace spanned by the eigenstates
|α0 〉 , |α1 〉 then completes the construction of the two-
level model.
Two-level models corresponding to distinct gauges α
and α′ must be distinguished, because when α 6= α′ the
projection Pα involves all eigenstates of Hα
′
m , and simi-
larly Pα
′
involves all eigenstates of Hαm. This is because
the gauge transformation does not have product form;
Rαα′ 6= Rm ⊗ Rc. A pictorial representation of the re-
lationship between different gauges and their associated
two-level models is given in Fig. 1. After a two-level
truncation the uniqueness of the representation of ob-
servables expressed by Eq. (4) no longer holds, that is,
Oα2 6= Oα
′
2 when α 6= α′. Distinct two level-models will
therefore give different predictions for the same physical
quantity.
An observable of particular importance is the energy
represented by the Hamiltonian, which we focus on here-
after. There is generally no simple relation between dis-
tinct two-level model Hamiltonians Hα2 and H
α′
2 when
α 6= α′. In fact, it was noted some time ago that two-level
models associated with different gauges can give different
results even in the weak-coupling regime [52]. However,
provided that the two-level modification of the operator
algebra is accounted for, it can be shown that certain two-
level model predictions are gauge-invariant up to order d2
[36]. This is discussed in more detail in Supplementary
Note 2. Regardless, one expects predictions of two-level
models corresponding to different gauges to be signifi-
cantly different when the coupling is sufficiently strong.
We show how a comparison of the predictions of different
two-level models can be achieved for an arbitrary observ-
able in Methods. We show further that if the material
system is a harmonic oscillator, then it is possible to de-
rive a JCM that is necessarily more accurate than any
derivable QRM for finding ground state averages.
Application to ultrastrong coupling in circuit QED
When considering less artificial systems than a mate-
rial oscillator the relative accuracies of two-level models
is more difficult to determine. We now consider an ex-
perimentally relevant circuit QED set-up consisting of a
fluxonium atom coupled to an LC-oscillator. The flux-
onium is described by the flux variables φ, φ˙ and the
external flux φext, along with three energy parameters
Ec, EJ and El which are the capacitive energy, tunnelling
Josephson energy and inductive energy respectively. The
external flux φext = pi/2e specifies maximum frustration
of the atom. The LC-oscillator is described by analogous
flux variables θ, θ˙, with inductance L and capacitance C
defining the oscillator frequency ω = 1/
√
LC.
In terms of x = {φ, θ, φ˙, θ˙} the functional form of an
observable O is unique O ≡ O(x). On the other hand
different canonical operators yα = {φ, ξα, θα, ζ} are re-
lated by θα = R
−1
0α θ0R0α and ξα = R
−1
0α ξ0R0α where
R0α = e
iαζφ is a unitary gauge transformation with α
real and dimensionless. Here ξα and ζ are canonical mo-
menta conjugate to φ and θα respectively. The gauge
choices α = 0 and α = 1 are called the charge-gauge and
flux-gauge respectively [53]. The Hamiltonian H describ-
ing the system is derived in Supplementary Note 3 and
is given in Methods.
In exactly the same way as for the cavity QED Hamil-
5tonian the projection Pα onto the first two eigenstates
|α0 〉 , |α1 〉 of the material bare energy Hαm can be used
to obtain an α-dependent two-level model Hamiltonian,
which at maximal frustration reads
Hα2 =ωmσ
+
α σ
−
α + ωα
(
c†αcα +
1
2
)
+ ∆α
+ u−α (σ
+
α cα + σ
−
α c
†
α) + u
+
α (σ
+
α c
†
α + σ
−
α cα), (6)
where u±α = ϕ[αωα ∓ (1 − α)ωm]/
√
2ωαL and ∆α =
0 + α
2ϕ2/2L, in which ϕ = 〈α1 |φ |α0 〉 = ϕ∗ and
0 denotes the ground energy of H
α
m. The two-level
system parameters ωm, ϕ and 0 depend implicitly on
Ec, EJ, El and φext. The renormalised cavity frequency
is ωα = ω
√
1 + 2Ec(1− α)2C/e2. Away from the max-
imal frustration point the flux φ possesses diagonal ma-
trix elements in the basis {|α0 〉 , |α1 〉}, such that σ+α σ−α
and σ−α σ
+
α are also linearly coupled to the mode oper-
ators cα, c
†
α. In analogy to the cavity QED case the
charge and flux-gauges yield distinct Rabi Hamiltonians,
but there also exists a value α = αJC = ωm/(ωm + ωJC)
such that u+α ≡ 0, which casts the Hamiltonian in JC
form.
The ratio δ = ω/ωm in which ωm is taken as the qubit
transition at maximal frustration φext = pi/2e, speci-
fies the relative qubit-oscillator detuning. To quantify
the relative coupling strength we use the ratio η = g/ω
where g = ϕ
√
ω/2L. The parameters g and ω are the
coupling strength and cavity frequency of the flux-gauge
QRM, but we note that the corresponding parameters
associated with any other two-level model could also be
used. For different α the α-dependent two-level trun-
cation yields different predicted behaviour of physical
observables as functions of the model parameters δ, η
and φext. In contrast the exact predictions resulting
from the non-truncated model are α-independent (gauge-
invariant).
We begin by determining how the ground energy G and
first excited energy E vary with the detuning δ at max-
imal frustration φext = pi/2e and fixed coupling η = 1
(Fig. 2). Regimes with large δ are presently more ex-
perimentally relevant [11, 13, 14], yet, unless δ is rela-
tively small (δ < 1), we find that all two-level models be-
come inaccurate in predicting eigenvalues En > E of the
non-truncated Hamiltonian. This can be traced to the
occurence of resonances in energy shifts, that occur for
large δ (see Supplementary Note 4). Indeed, deviations
from the predictions of the QRM have been observed ex-
perimentally for such En within the ultrastrong-coupling
regime [14].
We focus primarily on the experimentally relevant
large δ regime by choosing δ = 5. Other detunings
may also be considered and various results for the cases
δ = 1 (resonance) and δ = 1/5 are presented in Sup-
plementary Note 5. In Figs. 3 (a) and 3 (b) we com-
pare the ground and first excited energies found using
various two-level models with the corresponding gauge-
invariant energies of the exact theory. The ground and
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FIG. 2: Lowest energy levels as functions of detuning.
(a) El = 0.33µeV, EJ = 10El = Ec, φext = pi/2e and η = 1.
The ground energy is plotted with δ for the flux-gauge and
charge-gauge QRMs, for the JC-gauge two-level model, and
for the exact model. (b) Same as (a) for the charge and flux-
gauge JCMs obtained as RWAs of the corresponding QRMs.
(c) Same as (a) for the first excited energy. (d) Same as (c)
for the charge and flux-gauge JCMs.
excited level-shifts are obtained by subtracting the corre-
sponding (bare) eigenenergies of the non-interacting sys-
tem. At maximal frustration the shift of the ground state
can be identified as the Bloch-Siegert shift [4]. The first
transition shift is the difference between the ground and
excited shifts and is commonly termed the Lamb shift
by analogy with atomic hydrogen [14]. In the RWA the
coupling-dependent zero-point contribution ωα/2 + ∆α
in Eq. (6) gives the ground energy. For α 6= αJC
this results in an incorrect expression for the Lamb shift
even for weak-coupling [36, 54] (see also Supplementary
Note 2). It is therefore unsurprising that the flux and
charge-gauge JCMs are inaccurate in predicting the as-
sociated dressed energies within the ultrastrong-coupling
regime, as illustrated in Figs. 3 (a) and 3 (b). In con-
trast, for the two-level model of the JC-gauge (α = αJC)
the RWA is no longer an approximation. The ground
energy ωJC/2 + ∆JC, is different to the results of the
RWA applied in the α = 0 and α = 1 gauges, and it
does lead to the expected expression for the Lamb-shift
within the weak-coupling regime [36] (see Supplementary
Note 2). Thus, even though the Hamiltonian has Jaynes-
Cummings form it is not evident that like the charge
and flux-gauge JCMs the JC-gauge two-level model will
necessarily be inaccurate in predicting dressed energies
within the ultrastrong-coupling regime. Indeed, Figs. 3
(a) and 3 (b) show that the JC-gauge two-level model is
not only more accurate than the flux and charge-gauge
JCMs it is also more accurate than the flux and charge-
gauge QRMs.
To determine which two-level model yields the most ac-
curate lowest energy eigenstates we compute the ground
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FIG. 3: Lowest energies and eigenstate fidelities as
functions of coupling strength. In all plots El = 0.33µeV,
EJ = 10El = Ec, δ = 5 and φext = pi/2e. (a) The ground
energy is plotted with η for the flux-gauge and charge-gauge
QRMs, for the JC-gauge two-level model, for the exact model,
and for the charge-gauge JCM obtained via the RWA. The
flux-gauge JCM is extremely ina curate in this regime and is
not shown. (b) The ground state fidelity FαG is plotted with
η for the flux-gauge α = 1 and charge-gauge α = 0 QRMs,
for the JC-gauge and for charge-gauge JCM (c-JCM) that is
obtained as the RWA of the corresponding Rabi model. (c)
Same as (a) for the first excited energy. (d) Same as (b) for
the first excited state. For the excited state the RWA remains
valid in the charge gauge.
and first excited state fidelities FαG = | 〈Gα2 |G〉 |2 and
FαE = | 〈Eα2 |E〉 |2 where |G〉 and |E〉 are the exact ground
and first excited eigenstates of the non-truncated Hamil-
tonian H, while |Gα2 〉 and |Eα2 〉 are the corresponding
eigenstates of Hα2 . Figs. 3 (c) and 3 (d) show that the
JC-gauge model is more accurate than both QRMs, and
much more accurate than conventional JCMs, especially
in the case of the ground state. Since the JC-gauge two-
level model tends to produce a more accurate represen-
tation of the lowest two energy states of the system it is
natural to suppose that it will generally be more accu-
rate than the QRM in predicting observable averages in
these states. This is verified for the cases of ground state
photon number averages in Supplementary Note 6.
To link with recent experiments in which circuit prop-
erties are measured for varying external flux φext, Fig. 4
shows the behaviour with φext of the lowest dressed ener-
gies when η = 1/2. The JC-gauge again yields the most
accurate two-level model (Fig. 4 (a), (b)) despite the
clear breakdown of the RWA (Fig. 4 (c), (d)). It follows
that Jaynes-Cummings physics is not synonymous with
the RWA, and that a departure from Jaynes-Cummings
physics is not implied within the ultrastrong-coupling
regime. For larger η two-level models become increas-
ingly inaccurate, though the JC-gauge continues to give
the best agreement with exact energies even within the
deep-strong coupling regime (see Supplementary Note 5).
0.6
5
0 pi/e
5
6.5
0 pi/e
6.5
9.5
E
−
G
(µ
eV
)
(c) φext
G
(µ
eV
)
(a)
flux
charge
JC
exact
(b)
(d) φext
f-JCM
c-JCM
E
FIG. 4: Lowest energies as functions of external flux.
In all plots El = 0.33µeV, EJ = 10El = Ec, δ = 5 and
η = 0.5. (a) The ground energy G is plotted with φext for the
flux-gauge and charge-gauge QRMs, for the JC-gauge two-
level model and for the exact model. (b) For the same range
as (a) the ground energy is plotted for the flux-gauge and
charge-gauge JCMs that are obtained as RWAs of the corre-
sponding Rabi models, and for the exact model. (c) Same
as (a) for the first transition energy E −G. The inset shows
the corresponding first excited energies E. The JC-gauge is
generally the most accurate two-level model, but because the
charge gauge QRM overestimates both the ground and ex-
cited energy it becomes relatively accurate in the transition
E − G for fluxes away from the maximal frustration point.
(d) Same as (b) for the first transition energy. The inset
shows the corresponding excited energies over the same range
as the inset in (c). We see that especially in the case of the
charge-gauge, the JCM is inaccurate for the ground and ex-
cited energies, but it is by comparison more accurate for the
transition.
I. DISCUSSION
The behaviour shown in Figs. 2-4 can be understood
by deriving an effective Hamiltonian valid sufficiently far
from resonance (dispersive regime) [55], details of which
are given in Supplementary Note 4. In this context let us
first consider the flux-gauge wherein the light and matter
systems are coupled through the material position oper-
ator φ. The matrix elements of this operator between
material states |1n〉 are largest between adjacent levels n,
n ± 1 [41] (see Supplementary Note 4). Thus, provided
higher material levels are sufficiently separated from the
lowest two the coupling to them can be neglected, un-
less the light-matter coupling η is very large, or δ is
large enough that several material energies lie within the
first oscillator band ω. For such large δ, contributions
of energy denominators in the effective Hamiltonian be-
come large due to the occurence of resonances ni ∼ ω,
ni = n−i, i = 0, 1, n > 1 (see Supplementary Note 4).
7The flux-gauge QRM is therefore qualitatively accurate
if δ and η are sufficiently small. This includes accurately
predicting higher system energy levels En > E as well
as the first two levels G and E [41] (see Supplementary
Note 5).
In the charge-gauge the light-matter coupling occurs
via the material canonical momentum ξ0, for which ma-
trix elements involving higher levels are not suppressed
(see Supplementary Note 4). Independent of δ, when the
coupling is sufficiently large they cannot generally be ne-
glected even for highly anharmonic material spectra, so
the charge-gauge QRM generally breaks down [41]. How-
ever, the ratio of the flux-gauge QRM coupling strength
g and the coupling strength g˜0 of the charge-gauge QRM,
increases as δ increases (see Supplementary Note 4). For
large enough δ the charge-gauge coupling is significantly
weaker than that of the flux-gauge to the extent that for
sufficiently large δ and provided η does not become too
large, the charge-gauge QRM is qualitatively accurate
for the ground level G, and occasionally for first level E
(Figs. 2-4).
In the general α-gauge all flux-gauge coupling terms
are weighted by α and all charge-gauge coupling terms by
1−α. By tuning α the α-gauge two-level model smoothly
interpolates between the two available QRMs. In partic-
ular the αJC-gauge JCM is defined such that the counter-
rotating terms that give the dominant contribution to de-
viations between the exact and two-level model ground
states are eliminated (see Supplementary Note 4). This
allows us to understand why the αJC-gauge JCM accu-
rately represents the ground state across all parameter
regimes. As δ and η increase the αJC-gauge becomes
predominantly charge-like (see Supplementary Note 4)
and like the charge-gauge QRM becomes inaccurate for
predicting levels En > E.
Quite generally two-level models remain most accu-
rate in predicting the first two system levels G and E.
For the lowest such levels of certain circuit QED sys-
tems spectroscopic experimental data has been matched
to the predictions of the QRM defined by the Hamilto-
nian h = −(∆σz + σx)/2 + ωa†a + g′σx(a + a†) where
∆ and  are tunnelling and bias parameters respectively,
and g′ denotes the coupling strength [11, 13, 14]. In Ref.
[13] for example, the parameters ∆, g′, and ω are treated
as constant fitting parameters while  is externally vari-
able. It is important to note however, that fitting tran-
sitions between eigenenergies of h to experimental data
does not preclude the possibility of fitting other models
to experimental data.
It is possible to rotate the flux-gauge QRM H12 into
the form of h, but upon doing so each of ∆,  and g′
are found to be non-trivial functions of φext. In partic-
ular, for the fluxonium-LC system we consider g′ and
∆ do not remain constant while varying  by varying
φext. Moreover, the α-gauge two-level model cannot be
uniquely specified in terms of the parameters of h. When-
ever φext 6= pi/2e these properties obstruct meaningful
comparison between our results and experimental results
of the kind found for example in Ref. [13].
More relevant experimental results for the sys-
tem we consider are given in [2] where spectroscopic
data was found to agree well with the non-truncated
fluxonium-LC Hamiltonian H of Eq. (13). There
the fluxonium energies Ec, El and EJ were treated
as fitting parameters. Our results show that using
such a fitting procedure, the JC-gauge two-level model
would offer better agreement with experimental data
than the QRM, at least for the lowest two levels G
and E. This occurs over the full range of δ shown in
Fig. 2 with only a few exceptions in the case of the ex-
cited state E when δ is small (see Supplementary Note 5).
The results presented here open up multiple avenues
for further investigation. For example, our more general
form of two-level model in which the gauge is left open is
capable (albeit fortuitously) of exactly predicting a given
energy value, but it remains to be understood in more
detail. A comprehensive comparison of different methods
for deriving two-level model descriptions is also yet to be
performed.
An investigation of the implications of the arbitrary
gauge formalism for the occurence of phase transitions in
multi-dipole systems constitutes further important work.
The dependence on arbitrary gauge parameters of weaker
truncations such as three-level atomic models remains
to be investigated as does the generalisation to multi-
mode situations for structured photonic environments.
We note that issues with the single-mode approximation
have been recognised and discussed elsewhere [5, 43], but
that this approximation does not result in a breakdown
of gauge-invariance and does not therefore affect the re-
sults reported here. Within exact (non-truncated) mod-
els determining the dependence on the gauge parameter
of light-matter entanglement, as well as averages of local
light and matter observables such as photon number, is of
experimental relevance and is important for applications.
This too will be investigated in further work.
METHODS
Lagrangians in different gauges
The Coulomb gauge Lagrangian is denoted L0 and is
given in Supplementary Note 1. More generally the α-
gauge Lagrangian yielding the same correct equations of
motion as L0 is Lα = L0−dχα/dt where the function χα
is defined as
χα(t) = α
∫
d3xA ·Pmult, (7)
Pmult,i(x) = −e
∫ 1
0
dλ rjδ
T
ij(x− λr). (8)
Here Pmult denotes the usual multipolar transverse po-
larisation field. Latin indices denote spatial components
8and repeated indices are summed. This χα is the genera-
tor of the unitary Power-Zienau-Woolley transformation,
multiplied by α. The α-dependence of the Lagrangian
can be understood as the underlying cause of the α-
dependence of the canonical momenta pα = ∂Lα/∂r˙ and
Πα = δLα/δA˙.
Derivation of cavity QED two-level model
Hamiltonian
Substituting Eqs. (1) and (2) into Eq. (3) yields the
Hamiltonian written in terms of canonical operators yα
as H = Hαm +H
α
c + V
α where
Hαm =
p2α
2m
+ V (r), (9)
Hαc =
v
2
(
Π2α + ω
2A2
)
, (10)
V α =
e
m
(1− α)pα ·A + αdˆ ·Πα
+
e2
2m
(1− α)2A2 + α
2
2v
(ε · dˆ)2. (11)
The Hamiltonian has a hybrid form between the Coulomb
and multipolar gauges. Coulomb gauge coupling terms
are weighted by 1 − α while multipolar gauge coupling
terms are weighted by α. The interaction includes the
quadratic “A2” and “dˆ2” self-energy terms in addition
to the linear coupling terms “pα ·A” and “dˆ ·Πα”. This
approach is easily adapted to describe multi-mode fields
and more than one dipole [36].
The first two eigenstates of the material bare energy
Hαm are denoted |α0 〉 and |α1 〉, and the projection onto
this subspace is Pα = |α0 〉 〈α0 |+ |αa 〉 〈α1 |. The operator
Hαm admits the two-level truncation H
α
m,2 = P
αHαmP
α =
0 + ω
α
mσ
+
α σ
−
α where ωm = 1 − 0, σ+α = |α1 〉 〈α0 | and
σ−α = |α0 〉 〈α1 |. The eigenvalues 0 and 1 = ωm+0 corre-
sponding to |α0 〉 and |α1 〉 respectively, are α-independent
because Hαm = Rαα′H
α′
m R
−1
αα′ . In practice two-level
model Hamiltonians are found by first defining the in-
teraction Hamiltonian as V α2 = V
α(PαyαP
α) and then
combining this interaction with the bare energies to ob-
tain the total Hamiltonian
Hα2 = P
αHαmP
α +Hαc + V
α(PαyαP
α). (12)
If the interaction Hamiltonian V α is linear in r and pα
then the two-level model Hamiltonian can also be written
Hα2 = P
αHPα. This is not the case forH in Eq. (11) due
to the “dˆ2” term, which demonstrates the availability of
different methods for deriving truncated models. Here we
adopt the approach most frequently encountered in the
literature, and outline other methods in Supplementary
Note 2.
We can now define an arbitrary-gauge two-level model
associated with the Hamiltonian H in Eq. (11) by us-
ing the definition (12). The projection Pα does not al-
ter the “A2” and Hαc terms of Eq. (11), because these
terms depend on the cavity canonical operators only.
Combining them gives the renormalised cavity energy
Hαc + e
2/2m(1 − α)2A2 = ωα(c†αcα + 1/2) with renor-
malised cavity frequency ωα = ω
√
1 + e2(1− α)2/mvω2.
The cα, c
†
α are cavity ladder operators of the renor-
malised energy satisfying [cα, c
†
α] = 1. In terms of these
operators the Hamiltonian Hα2 defined by Eq. (12) is
given by Eq. (5).
Method for comparing two-level model predictions
A comparison of the predictions that different two-level
models yield for an arbitrary observable requires that
we determine how a given physical state is represented
within each two-level model. To this end consider an
observable A with the property that both the exact rep-
resentation A and the two-level model representation Aα2
possess non-degenerate discrete spectra. The eigenvalues
an of A and a
α
2,n of A
α
2 are in one-to-one correspondence
such that the eigenstates |An〉 and |Aα2,n〉 can be assumed
to represent the same physical state. An arbitrary physi-
cal state can then be constructed via linear combination;
the physical state |ψ〉 = ∑n ψn |An〉 , ∑n |ψn|2 = 1
within the exact theory, is represented within the α-
gauge two-level model by |ψα2 〉 =
∑
n ψn |Aα2,n〉. A natu-
ral choice of observable A for the purpose of representing
states is the energy A = H, which we consider in Results.
The most accurate two-level model for the purpose of
predicting the average 〈ψ|O |ψ〉 of an arbitrary observ-
able O, which may or may not equal A, is found by
selecting the gauge α for which the difference between
the exact and two-level model prediction, zα(O,ψ) =
| 〈ψ|O |ψ〉 − 〈ψα2 |Oα2 |ψα2 〉 |, is minimised. Since two-level
models are indispensable practical tools within cavity
and circuit QED it is important to ascertain which two-
level models yield the best approximations of physical av-
erages that are of interest in applications. In Results the
energy is considered, both to represent states (A = H)
and as the observable of interest (O = H). The averages
〈An|O |An〉 are then nothing but the eigenvalues En of
H.
As an example illustrating how the relative accuracies
of two-level models can be determined let us consider
the quantities zα(O,G) where |G〉 denotes the ground
state of a composite cavity-charge system. The charge
is assumed to be confined in all directions except the
direction ε of the cavity mode polarisation. In this direc-
tion it oscillates harmonically with bare frequency ωm.
In the gauge specified by choosing α = ωm/(ωm + ω),
the matter oscillator can be described by ladder opera-
tors for which the interaction Hamiltonian takes number-
conserving form [37]. The exact ground state |G〉 is then
the vacuum state of these modes, and the projection P JC
onto the first two material levels in this gauge defines a
two-level JCM with ground state |GJC2 〉 = P JC |G〉 = |G〉.
It follows that zα(O,G) = 0 for all O with Oα2 = P
αOPα.
Thus, if the material system is a harmonic oscillator, it
9is possible to derive a JCM that is necessarily more ac-
curate than any derivable QRM for finding ground state
averages.
Fluxonium-LC two-level model Hamiltonian
The derivation in Supplementary Note 3 yields the α-
gauge fluxonium-LC Hamiltonian
H =
Ec
e2
[ξα + (1− α)ζ]2 + 2e2Elφ2
− EJ cos (2e[φ− φext]) + ζ
2
2C
+
1
2L
[θα + αφ]
2.
(13)
The fluxonium bare-energy is defined as
Hαm =
Ec
e2
ξ2α + 2e
2Elφ
2 − EJ cos (2e[φ− φext]) . (14)
The projection onto the first two eigenstates of this
operator is used along with H in Eq. (13) to define a
two-level model Hamiltonian in precisely the same way
as in the cavity QED case. The final result is given in
Eq. (6).
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Supplementary Information
Supplementary Note 1: Arbitrary gauge quantisation of the matter-radiation system
In this part our aim is to start from first principles with the Maxwell-Lorentz system of equations and derive a
quantum Hamiltonian, that describes the interaction of a material system with a single-mode of radiation. Throughout
the derivation we will carefully keep track of the gauge-freedom that is inherent within the electromagnetic potentials.
In doing so we arrive at the final result given in the main text wherein the gauge freedom is parametrised by α ∈ R.
Throughout this section we will frequently use the Helmholtz decomposition of a vector field V into transverse and
longitudinal parts VT and VL such that for all x
V = VT + VL, (15)
∇ ·VT(x) = 0, (16)
∇×VL(x) = 0. (17)
We assume that all vector fields vanish at the boundaries |x| → ∞, which allows free use of integration by parts such
as ∫
d3xV(x) · ∇f(x) = −
∫
d3x f(x)∇ ·V(x). (18)
Recalling that ∇ ×∇f(x) = 0 for any f and for all x, we have that for any longitudinal field UL there exists an f
such that UL = ∇f . It follows from Supplementary Eq. (18) that∫
d3xVT(x) ·UL(x) = 0 (19)
for any vector fields V and U. These formulae will be frequently used in what follows.
For notational simplicity in the main text we used A to denote the transverse component of the vector potential.
However, here we will deal with both the transverse and full vector potentials. We denote the total vector potential
by A while its gauge-invariant transverse component is denoted AT. The scalar potential is denoted A0. A gauge
transformation of the potentials
A0 → A0 − χ˙, (20)
A→ A +∇χ (21)
where χ is arbitrary, leaves the Maxwell-Lorentz equations invariant. By defining B = ∇ × A the non-dynamical
Maxwell equation ∇ ·B = 0, which specifies the transverasailty of the magnetic field is satisfied identically, because
the divergence of the curl is identically zero; ∇ · ∇ × V(x) = 0 for any V and for all x. On the other hand the
non-dynamical Gauss law ∇ · E = ρ where ρ is the charge density, is a primary constraint, which generates gauge
transformations, and which indicates redundancy within the unconstrained theory. The remaining constraint required
to eliminate this redundancy is a gauge-fixing condition. As will be made precise in what follows, a convenient method
of handling the gauge freedom uses the arbitrary transverse component gT = g− gL of the green’s function g for the
divergence operator [? ? ]. The green’s function is defined by the equation
∇ · g(x,x′) = δ(x− x′), (22)
but since ∇ · g(x,x′) ≡ ∇ · gL(x,x′), Supplementary Eq. (22) only fixes gL = g − gT uniquely as
gL(x,x
′) = −∇ 1
4pi|x− x′| . (23)
Any field gT with ∇ · gT(x,x′) = 0, can be added to gL in Supplementary Eq. (23) to obtain a g that satisfies
Supplementary Eq. (22).
We consider bound charges −e and +e where the charge +e is stationary and fixed at the origin. For generality
we include an additional external potential Vext(r) acting on the charge −e at r. We define the gauge-invariant
non-relativistic Lagrangian as [? ]
L(t) :=
1
2
mr˙2 − Vext(r)−
∫
d3x (ρA0 − J ·A) + 1
2
∫
d3x
(
E2 −B2)− d
dt
∫
d3xA ·P (24)
11
where ρ(x) = −eδ(x − r) + eδ(x), J(x) = −er˙δ(x − r) and the polarisation field is defined by −∇ · P = ρ. Using
Supplementary Eq. (22) we obtain
P(x) := −
∫
d3x′ g(x,x′)ρ(x′). (25)
Note that PL is fixed by Supplementary Eq. (23), but PT is arbitrary. In Supplementary Eq. (24) E and B are
electric and magnetic fields respectively. For each time t the components of these vector fields belong to the real
Hilbert space L2(R3). The final term in Supplementary Eq. (24) is a total time derivative, so it does not affect
the equations of motion. It does however ensure that the Lagrangian in Supplementary Eq. (24) is gauge-invariant.
The gauge-invariance of L(t) can easily be verified by making a gauge transformation of the potentials, followed by
integration by parts, and then use of the continuity equation ρ˙ = −∇ · J.
We identify two constraint functions, which are the Gauss law
C1 := ρ−∇ ·E, (26)
and a constraint on the form of A
C2 :=
∫
d3x′g(x′,x) ·A(x′). (27)
From C1 = 0 it follows that EL = −PL, where PL is found using Eqs. (25) and (23), while the constraint C2 = 0
is chosen such that the final term in Supplementary Eq. (24), which is a total time derivative, vanishes. It is easily
verified using Eqs. (18) and (22) that a set of vector potentials satisfying C2 = 0 identically, are those such that
A(x) = AT(x) +∇
∫
d3x′ g(x′,x) ·AT(x′) ≡ AT(x) + AL(x) (28)
where in writing the second equality we have recalled that the gradient of a function is necessarily longitudinal.
Supplementary Eq. (28) shows that we can use the components of the gauge-invariant transverse vector potential AT
to specify any total vector potential in the field configuration space that satisfies C2 = 0. A particular choice of gT
uniquely specifies the longitudinal vector potential as
AL(x) = ∇
∫
d3x′ g(x′,x) ·AT(x′) ≡ ∇
∫
d3x′ gT(x′,x) ·AT(x′) (29)
where we have used Supplementary Eq. (19). It follows from Supplementary Eq. (29) that the longitudinal vector
potential is completely independent of gL, and is fully specified by choosing gT. Note that throughout our approach
gT has remained arbitrary. All of the above equations, as well as the constraints C1 = 0 = C2 hold independently
of the choice of gT. Since gT uniquely specifies AL the freedom to choose gT must be interpreted as gauge freedom.
The only constraint on gT is transversality, and for reasons of practicality it may also be required that gT is suitably
well-behaved, having for example, a well-defined Fourier transform.
The purpose of encoding gauge-freedom in this way, is that we can now view AT as the only dynamical coordinate
of the electromagnetic field, that is, AL can be eliminated in favour of AT and gT according to Supplementary
Eq. (29). In conventional approaches a choice of gauge is made at the outset and the theory is then quantised. In
contrast within the present framework quantisation can be achieved while keeping the gauge AL arbitrary, because
it is possible to quantise the theory via Dirac’s method without committing to an explicit choice for gT. As detailed
below we therefore obtain a fully quantum framework, such that the gauge can be specified at the quantum level by
choosing the c-number function gT. Different gauges are then seen to be related by unitary transformations.
Since AT is the vector potential associated with the Coulomb gauge, we deduce that the scalar potential A0
accompanying the vector potential A given in Supplementary Eq. (28) is
A0(x) = φcoul(x)− ∂
∂t
∫
d3x′ g(x′,x) ·AT(x′) (30)
where φcoul is, upto a factor of e, the Coulomb potential associated with the charge density ρ. If we substitute Eqs
(28) and (30) into Supplementary Eq. (24) and use C1 = 0 we obtain
L(t) = L0(t)− d
dt
χ(t) (31)
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where L0(t) is the Lagrangian associated with the Coulomb gauge and is given by [33]
L0(t) =
1
2
mr˙2 − V (r) +
∫
d3xJ ·AT + 1
2
∫
d3x
(
E2T −B2
)
. (32)
The arbitrary function χ(t) appearing in Supplementary Eq. (31) is independent of gL and is determined entirely
through a choice of gauge gT. It is given by
χ(t) =
∫
d3xAT ·P ≡
∫
d3xAT ·PT, (33)
PT(x) := −
∫
d3x′ gT(x,x′)ρ(x′). (34)
In Supplementary Eq. (32) V (r) = Vext(r) + Vcoul(r) with
Vcoul(r) =
1
2
∫
d3x ρ(x)φcoul(x) =
1
2
∫
d3xEL(x)
2 =
1
2
∫
d3xPL(x)
2. (35)
This term includes the divergent Coulomb self-energy of each charge as well as the inter-charge Coulomb energy. Note
that since L0(t) and L(t) differ by a total time derivative they necessarily yield the same equations of motion.
We can now conveniently parametrise the choice of gauge by restricting our attention to functions gT that have the
form
gT,i(x,x
′) := −α
∫ 1
0
dλx′jδ
T
ij(x− λx′) (36)
where α ∈ R is arbitrary. When α = 0 we have A = AT, which specifies the Coulomb gauge. When α = 1 Eqs. (25)
and (36) yield the well-known multipolar transverse polarisation field in closed form [33]
PT,i(x)|α=1 = Pmult,i(x) = −e
∫ 1
0
dλ rjδ
T
ij(x− λr). (37)
This polarisation field represents a continuum of infinitesimal dipoles each consisting of charges +e and −e that are
stacked end-on-end, and which start at the charge +e located at 0 and end at the charge −e located at r. The vector
potential corresponding to α = 1 is
A(x) = AT(x)−∇
∫ 1
0
dλx ·AT(λx), (38)
which satisfies x ·A(x) = 0. Denoting the Fourier transform of A by A˜ we see that x ·A(x) = 0 is the position-space
version of the condition k · A˜(k) = 0 that defines the Coulomb gauge. The gauge defined by x ·A(x) = 0 is called
the Poincare´ or multipolar gauge [33].
With the restriction given by Supplementary Eq. (36) the Lagrangian in Supplementary Eq. (31) becomes
L(t) ≡ Lα(t) = L0(t)− d
dt
χα(t) (39)
where
χα(t) = α
∫
d3xAT ·Pmult. (40)
Using Lα(t) we can define the following canonical momenta
pα =
∂Lα
∂r˙
= mr˙− eAT(r) + eα∇
∫ 1
0
dλ r ·AT(λr), (41)
ΠT,α =
δLα
δA˙T
= A˙T − αPmult = −ET − αPmult (42)
where in finding the expression for pα we have used
− ∂
∂r˙
dχα
dt
= eα
∫ 1
0
dλ [AT(λr) + ri∇AT,i(λr)] = eα∇
∫ 1
0
dλ r ·AT(λr). (43)
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Here the repeated index is summed and the first equality follows from Supplementary Eq. (40) and the chain rule
d
dt
AT,i(λr(t), t) = A˙T,i(λr(t), t) + r˙(t) · ∇AT,i(λr(t), t). (44)
Although we have been able to exhibit expressions for the canonical momenta in an arbitrary gauge α, in order
to pass to the canonical formalism we need to determine the algebraic properties of the canonical momenta and the
position variables r and AT. The Lie algebra of these variables must be consistent with the constraints, and must
also suffice to obtain the correct equations of motion once we have obtained the Hamiltonian. Before we commit to
the specific form of gT given in Supplementary Eq. (36), we will quantise the classical description while keeping gT
completely arbitrary. This is achieved using Dirac’s method [42], which yields the Hamiltonian
H =
1
2m
(
p + e
[
AT(r) +∇
∫
d3xg(x, r) ·AT(x)
])2
+ V (r)
+
1
2
∫
d3x
[(
ΠT −
∫
d3x′gT(x,x′)ρ(x′)
)2
+ (∇×AT)2
]
(45)
where the canonical variables {r,p,AT,ΠT} are fully specified by the commutation relations
[ri, pj ] = iδij , (46)
[AT,i(x),ΠT,j(x
′)] = iδTij(x− x′). (47)
All other commutators between elements of {r,p,AT,ΠT} vanish identically. All observables are expressed as func-
tions of these operators and Eqs. (46) and (47), and the Hamiltonian in Supplementary Eq. (45) provide all that
is needed to obtain the time evolution of a given observable. In particular it is straightforward to verify that the
Hamiltonian in Supplementary Eq. (45) yields the correct Maxwell-Lorentz equations. The gauge-invariant vector
potential AT appearing in Supplementary Eq. (45) belongs to the Coulomb gauge in the sense that A ≡ AT in this
gauge, but the Hamiltonian itself has been expressed in an arbitrary gauge g, which is determined by gT. Using the
Heisenberg equation we see that the arbitrary g-gauge canonical momenta p and ΠT can be identified in terms of the
gauge-invariant observables {r,AT, r˙, A˙T = −ET}, and the gauge dependent function gT, as
p = mr˙− e
(
AT(r) +∇
∫
d3xgT(x, r) ·AT(x)
)
≡ mr˙− eA(r), (48)
ΠT(x) = −ET(x)−PT(x) (49)
where PT is determined by gT as in Supplementary Eq. (33). This shows clearly that the canonical momenta p and
ΠT are manifestly gauge-dependent. Upon restricting ourselves to the specific form of gT given in Supplementary
Eq. (36) the canonical momenta in Eqs. (48) and (49) are seen to coincide with those given in Eqs. (41) and (42).
Using Eqs. (48) and (49) we see that in any gauge H can be written entirely in terms of gauge-invariant observables
as the sum of material and field energies;
H = Hmatter +Hfield, (50)
Hmatter :=
1
2
mr˙2 + V (r), (51)
Hfield :=
1
2
∫
d3x
(
E2T + B
2
)
. (52)
A unitary gauge-fixing transformation between gauges gT and g
′
T can be defined as
Rgg′ := exp
[
i
∫
d3x [PT,g′(x)−PT,g(x)] ·AT(x)
]
(53)
where PT,g and PT,g′ are defined as in Supplementary Eq. (33) in terms of gT and g
′
T respectively. When used to
transform the canonical momenta in Eqs. (48) and (49) Rgg′ replaces the function gT with the alternative choice g
′
T.
Let us now return to the specific form of gT given in Supplementary Eq. (36), wherein the freedom to choose a
gauge reduces to the freedom to choose the value of the real parameter α. In terms of this form of gT the canonical
momenta and Hamiltonian are found using Eqs. (48) and (49), and Supplementary Eq. (45). As noted previously,
in this case the canonical momenta are seen to coincide with those given in Supplementary Eq. (41). The unitary
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gauge-fixing transformation between different gauges α and α′ takes the form of a generalised Power-Zienau-Woolley
transformation;
Rαα′ := exp
[
i(α− α′)
∫
d3x Pmult(x) ·AT(x)
]
. (54)
The usual Power-Zienau-Woolley transformation, which is used to relate the Coulomb and Poincare´ gauges is obtained
if α − α′ = 1. The α-gauge polarisation field is αPmult. A multipole expansion of the polarisation field allows one
to perform the electric-dipole approximation as PEDAmult,i = −eriδTij(x). Equivalently, the dipole approximation can be
realised via
gEDAT,i (x,x
′) = −αx′jδTij(x). (55)
The dipole approximated α-gauge canonical momenta can then be read-off from Eqs. (48) and (49) as
pα = mr˙− e(1− α)AT(0), (56)
ΠT.α,i(x) = −ET,i(x)− αdjδTij(x) (57)
where d = −er. The unitary gauge-fixing transformation becomes
Rαα′ := exp [i(α− α′)d ·AT(0)] . (58)
Since the gauge-fixing transformation remains unitary the dipole approximation does not destroy the gauge-invariance
of the theory. The dipole approximated Hamiltonian is
H =
1
2m
[pα + e(1− α)AT(0)]2 + V (r) + 1
2
∫
d3x
([
ΠT,α,i(x) + αdjδ
T
ij(x)
]2
+ [∇×AT(x)]2
)
=
1
2m
[pα + e(1− α)AT(0)]2 + V (r) + 1
2
∫
d3k
(∣∣∣∣Π˜T,α(k) + α(2pi)3 ∑
λ
ελ(k)[d · ελ(k)]
∣∣∣∣2 + |ik× A˜T(k)|2
)
(59)
where ελ(k), λ = 1, 2 are mutually orthogonal unit polarisation vectors that are both orthogonal to k, and f˜ denotes
the Fourier transform of f . We have also used
PEDAmult,i(x) = djδ
T
ij(x) =
∫
d3k
(2pi)3
∑
λ
ελ,i(k)[d · ελ(k)]eik·x. (60)
The above expressions are applicable for general field operators AT and ΠT,α. We define the operator
aα,λ(k) :=
√
1
2ω
(
ωA˜T,λ(k) + iΠ˜T,α,λ(k)
)
(61)
where A˜T,λ(k) = ελ(k) ·A˜T(k) and Π˜′T,α,λ(k) = ελ(k) ·Π˜′T,α(k). From the transverse canonical commutation relation
[AT,i(x),ΠT,α,j(x
′)] = iδTij(x− x′) (62)
it follows that
[aα,λ(k), a
†
α,λ′(k
′)] = δλλ′δ(k− k′). (63)
The operators aα,λ(k) and a
†
α,λ(k) are recognisable as annihilation and creation operators for a photon with momentum
k and polarisation λ. In terms of these operators the canonical fields support the Fourier representations
AT(x) =
∫
d3k
∑
λ
gελ(k)
(
a†α,λ(k)e
−ik·x + aα,λ(k)eik·x
)
,
ΠT,α(x) = i
∫
d3k
∑
λ
ωgελ(k)
(
a†α,λ(k)e
−ik·x − aα,λ(k)eik·x
)
(64)
where ω = |k| and g := 1/√2ω(2pi)3.
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If we assume an implicit cavity with volume v that satisfies periodic boundary conditions, the continuous label k
becomes discrete. The pair kλ then labels a radiation mode. As a less realistic, but simpler model for the cavity we
may restrict our attention to a single mode, in which case the field operators become
AT = gε
(
a†α + aα
)
, (65)
ΠT,α = iωgε
(
a†α − aα
)
, (66)
where [aα, a
†
α] = 1 and g = 1/
√
2ωv. Eqs. (65) imply that the cavity canonical operators now satisfy the commutation
relation
[AT,i,ΠT,α,j ] =
iεiεj
v
(67)
as specified in the main text. For consistency with Eqs. (48), (49), (56), and (57), within the single-mode approximation
we must also restrict the Fourier transform of the polarisation field Pmult in Supplementary Eq. (60) to a single mode
such that the transverse electric field satisfies ET = −A˙T = −ΠT,α − αPmult. If in the single-mode approximation
we write the Hamiltonian in Supplementary Eq. (59) as
H =
1
2m
(pα + e(1− α)AT)2 + V (r) + v
2
([
ΠT,α +
αε(d · ε)
v
]2
+ ω2A2T
)
(68)
where we have restricted the polarisation field to a single polarisation as αPmult = αε(d · ε)/v, we obtain
ET = −A˙T = −gε
(
a˙†α + a˙α
)
= −iωgε (a†α − aα)− αε(d · ε)v = −ΠT − αPmult (69)
as required. We therefore obtain a consistent single-mode theory with Hamiltonian given by Supplementary Eq. (68),
and cavity canonical operators AT and ΠT,α fully specified by Eqs. (65). Like the dipole approximation the single-
mode approximation preserves the gauge-invariance of the theory, because it does not alter the unitary property of
the gauge-fixing transformation Rαα′ , which retains the form given in Supplementary Eq. (58) but with AT specifying
the single-mode vector potential from Supplementary Eq. (65). The Hamiltonian and the Heisenberg equation yield
mr˙ = pα + e(1− α)AT, (70)
ET = −ΠT,α − αε(d · ε)
v
(71)
which are the single-mode versions of Eqs. (56) and (57). Eqs. (70) and (71) allow us to write the Hamiltonian as
H = Ematter + Ecavity where Ematter = mr˙
2/2 + V (r) and Ecavity = v(E
2
T + ω
2A2T)/2. This is merely the dipole-
approximated single-mode version of Supplementary Eq. (50).
In summary, the restriction to functions gT of the form given in Supplementary Eq. (36), together with the electric-
dipole approximation, and the restriction to a single-mode of radiation yield the expressions given in the main text.
For simplicity, in the main text we use the notation A for AT and Πα for ΠT,α. The gauge is completely determined
by α. The theory is gauge-invariant in the sense that the predictions concerning any gauge-invariant observable can
be calculated using any gauge and these predictions are unique. Choosing a specific gauge is merely a matter of
convenience for performing calculations. As explained in the main text this is no longer the case within two-level
models for the material system.
Supplementary Note 2: Can gauge-invariant predictions be obtained from two-level models in the
weak-coupling regime?
A well-known drawback of two-level models is the breakdown of sum-rules involving matrix elements of operators
which satisfy the CCR algebra. This occurs because the CCR algebra cannot be supported by a finite-dimensional
Hilbert space. A well-known example is given by the Thomas-Reiche-Kuhn (TRK) sum rule [52]
∞∑
r=0
rsd
i
rsd
j
sr =
e2
2m
δij (72)
where dirs = 〈rα|−eri |sα〉 and rs = r−s. In the full (infinite-dimensional) atomic Hilbert space the right-hand-side
of this identity is independent of the dipole level s. Yet, when considering a two-level dipole the values of the indices
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r and s on the right-hand-side of Supplementary Eq. (72) must be 0 or 1. For the ground state σ−α σ
+
α with s = 0
Supplementary Eq. (72) becomes ωm(d · ε)2 = e2/2m while for the excited state σ+α σ−α with s = 1 Supplementary
Eq. (72) becomes ωm(d · ε)2 = −e2/2m. These relations cannot be simultaneously satisfied. Furthermore, the second
relation implies that m < 0.
In conventional atomic physics it is necessary to use the TRK sum rule (72) in order to show invariance, between
the Coulomb and Poincare´ gauges, of the Lamb shift derived using stationary second order perurbation theory [36?
]. Thus, one should already anticipate difficulties in the maintenance of gauge-invariance in two-level models even
within the conventional weak-coupling regime. We note that the TRK sum rule has also been used extensively in the
strong and ultrastrong light-matter physics literature, but in a different context. There it is applied on the level of the
infinite-dimensional atom with the aim of deriving inequalities for atomic transitions involving the lowest two levels.
Our motivation here is different; we are concerned with the question of whether it is possible to establish gauge-
invariance of predictions using non-equivalent two-level models. We therefore consider whether or not it is possible
to elicit gauge-invariance of level-shifts through any systematic application of the TRK sum rule, after the two-
level approximation has been made in the arbitrary α-gauge. We show that provided the TRK sum rule is applied
judiciously, the precise meaning of which will be specified below, then gauge-invariance (α-independence) can be
elicited for the energy levels calculated in different two-level models, but only upto second order in e. Thus, the main
conclusion of this Supplementary Note is that even with a somewhat ad hoc application of the TRK sum rule, in any
two-level model one can at best expect to obtain α-independent predictions upto order d2 only. At the end of this
section we also briefly discuss alternative definitions of two-level models.
We consider the two-level model Hamiltonian Hα2 given in Eq. (5) of the main text, second order perturbation theory
and judicious use of the relations ωm(d · ε)2 = e2/2m and ωm(d · ε)2 = −e2/2m yield α-independent expressions for
the ground and first excited energies. The ground energy of Hα2 found using second order perturbation theory in the
interaction Hamiltonian is
〈Gα2 |Hα2 |Gα2 〉 ≈
ωα
2
+ ∆α − u
+
α
2
ωm + ωα
. (73)
Upon use of ωm(d · ε)2 = e2/2m appropriate for the ground state we obtain to order d2 the α-independent result
〈Gα2 |Hα2 |Gα2 〉 ≈ 0 +
ω
2
+ [gd · ε]2 ωmω
ωm + ω
. (74)
Similarly, the first excited energy of Hα2 is to order d
2 given by
〈Eα2 |Hα2 |Eα2 〉 ≈
ωα
2
+ ∆α +
u−α
2
ωm − ωα ≈ 0 +
ω
2
+ [gd · ε]2 ωmω
ωm − ω . (75)
where in writing the second equality we have used ωm(d · ε)2 = −e2/2m appropriate for the excited state. As in the
case of an infinite-dimensional atom, the above exhibition of gauge-invariance relies upon the elimination of the mass
m in favour of the dipole moment d and other parameters [36? ]. The difference in the two-level model case is only
that the separate relations ωm(d · ε)2 = e2/2m and ωm(d · ε)2 = −e2/2m must be used for the ground and excited
states respectively, which essentially accounts for the modification of the operator algebra incurred by the two-level
truncation [36].
Motivated by the above derivations we now show that the bare mass can similarly be eliminated on the level of
the Hamiltonian, and this yields another possible form of two-level model. More precisely, if within the two-level
truncation we apply the appropriate relations ωm(d · ε)2 = e2/2m for the ground state and ωm(d · ε)2 = −e2/2m for
the excited state in the self-energy term e2(1− α)2A2/2m, then this term becomes −ωm(d · ε)2(1− α)2σzαA2 where
σzα = [σ
+
α , σ
−
α ]. All dependence on the bare mass m has now been eliminated and we obtain a well-defined two-level
model Hamiltonian given by
H¯α2 = ωmσ
+
α σ
−
α + ∆α + ωm(1− α)(d ·A)σyα + α(d ·Πα)σxα − ωm(d · ε)2(1− α)2σzαA2 + ω
(
a†αaα +
1
2
)
(76)
where σyα = i(σ
−
α − σ+α ) and σxα = σ+α + σ−α .
In contrast to Hα2 a simple approximate relation can be given between the average energy found using distinct two-
level model Hamiltonians H¯α2 and H¯
α′
2 when α 6= α′. To see this we note that the gauge transformation R0α = eieαr·A is
a function of the canonical variables r, A ∈ y0. We express this functional dependence as R0α ≡ R0α(y) where y ≡ y0,
and we define the unitary operator Uα = R0α(P
0yP 0) = cos(αd ·A)− iσx sin(αd ·A) where σk ≡ σk0 , k = ±, x, y, z.
Noting further that H¯02 is a function of the Coulomb-gauge Rabi model raising and lowering operators, expressed
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as H¯02 (σ
±), it is straightforward to show using this notation that UαH¯02 (σ
±)U−1α ≈ H¯α2 (σ±) where the approximate
equality means that equality holds upto second order in η. If in the Coulomb gauge two-level model with Hamiltonian
H¯02 we represent an arbitrary state S by |ψ0〉 =
∑
n ψn |E¯02,n〉, then in the α-gauge two-level model with Hamiltonian
H¯α2 , S is represented by |ψα〉 =
∑
n ψn |E¯α2,n〉 ≈ Uα |ψ0〉 and we therefore obtain 〈ψ0| H¯02 |ψ0〉 ≈ 〈ψα| H¯α2 |ψα〉.
Finally we remark on the possibility of yet another form of two-level model. In the main text the two-level model
Hamiltonian is found by projecting the canonical operators yα as P
αyαP
α and substituting the projected operators
into the interaction Hamiltonian. This is only equivalent to a projection of the Hamiltonian itself PαHPα if the
interaction is a linear function of the material operators within yα. In the non-truncated Hamiltonian of Eqs. (9),
(10) and (11) of the main text, however there is a non-linear term α2/2v(ε ·d)2. The lowest two energy levels obtained
for two-level models of the form PαHPα are therefore quantitatively different in some cases to those found in the main
text. However the main conclusions remain unchanged. As stated within the main text a comprehensive comparison
of distinct types of two-level model is beyond the scope of this article and will be given elsewhere.
Supplementary Note 3: Fluxonium LC-oscillator Hamiltonian
Here we derive the full Hamiltonian describing a fluxonium-LC oscillator circuit. The fluxonium is described by
flux operator φ with conjugate momentum ξ such that [φ, ξ] = i. The Hamiltonian is [53]
Hm =
Ec
e2
ξ2 − EJ cos (2e[φ− φext]) + 2e2Elφ2 (77)
where Ec, EJ and El are the capacitive, Josephson and inductive energies respectively, and φext is the applied
external flux. The LC-oscillator is described by flux operator θ with conjugate momentum ζ such that [θ, ζ] = i. Its
Hamiltonian is
HLC =
ζ2
2C
+
θ2
2L
(78)
where C and L are the capacitance and inductance respectively.
There is considerable freedom in describing the coupling between the fluxonium and the oscillator. Capacitively
coupling the systems is achieved through the replacement ξ → ξ + ζ. This can be viewed as analogous to the
replacement p → p + eA, which results in the Coulomb-gauge coupling between an atom and a cavity. Inductively
coupling the fluxonium and oscillator is achieved through the replacement θ → θ+φ, which can be viewed as analogous
to the replacement Π → Π + ( · d)/v that gives the Poincare´-gauge coupling between an atom and a cavity. We
have already seen in the context of an atom-cavity system that this freedom in the description of the coupling is a
gauge-freedom, and that the different descriptions are unitarily related. Analogously we call the capacitive coupling
the charge-gauge description, and we call the inductive coupling the flux-gauge description. Making the replacement
ξ → ξ+ζ in the Hamiltonian in Supplementary Eq. (77) and adding the bare oscillator Hamiltonian in Supplementary
Eq. (78) yields the Hamiltonian expressed in the charge-gauge;
H =
Ec
e2
(ξ + ζ)2 − EJ cos (2e[φ− φext]) + 2e2Elφ2 + ζ
2
2C
+
θ2
2L
. (79)
If we define the unitary gauge transformation R01 = e
iφζ then we can define new canonical operators ξ1 = R
−1
01 ξR01
and θ1 = R
−1
01 θR01 in terms of which the Hamiltonian is expressed in the flux-gauge;
H =
Ec
e2
ξ21 − EJ cos (2e[φ− φext]) + 2e2Elφ2 +
ζ2
2C
+
1
2L
(θ1 + φ)
2. (80)
More generally, we define the unitary gauge transformation R0α = e
iαφζ and associated α-gauge canonical operators
by ξα = R
−1
0α ξR0α and θα = R
−1
0α θR0α. The Hamiltonian expressed in terms of the α-gauge canonical operators
yα = {φ, ξα, θα, ζ} is
H =
Ec
e2
[ξα + (1− α)ζ]2 + 2e2Elφ2 − EJ cos (2e[φ− φext]) + ζ
2
2C
+
1
2L
[θα + αφ]
2. (81)
In all gauges the canonical operators satisfy the canonical commutation relations due to the unitarity of the gauge
transformation. The Hamiltonian H has α-independent (gauge-invariant) spectrum. More generally, the predictions
for any observable O = oα(yα) = o
α′(yα′) can be calculated using any gauge and these predictions are unique. The
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charge and flux-gauge descriptions are obtained by choosing α = 0 and α = 1 respectively. The α-gauge two-level
model is obtained in exact analogy with the atom-cavity formalism by using the projection Pα onto the first two
eigenstates of the α-gauge bare fluxonium Hamiltonian
Hαm =
Ec
e2
ξ2α − EJ cos (2e[φ− φext]) + 2e2Elφ2. (82)
Supplementary Note 4: Further anaysis via an effective Hamiltonian in the dispersive regime
Here we provide more detailed analysis of predictions in different gauges with the aim of understanding which
two-level models will be more accurate in which regimes. Our results are derived using Schrieffer-Wolff perturbation
theory (also known as Van Vleck perturbation theory), and our presentation is similar to the one in Ref. [55]. An
effective Hamiltonian describing a linearly coupled material-oscillator system is derived, which is valid within the
dispersive regime |nm − ω|  |gnm|
√
N + 1 where gnm are the coupling constants of the linear interaction, nm are
the material transition frequencies and N denotes photon population. For the fluxonium-LC system we consider, this
regime requires detunings δ sufficiently far from resonance in comparison to the coupling strengths η even if N = 0.
Although this is not always the case in the regimes we consider, the Schrieffer-Wolff perturbation method can be
used to gain physical insight into the regimes of large and small δ for various coupling strengths, and can thereby
reveal why particular two-level models become more accurate in particular regimes. The method uses an appropriate
unitary transformation eiS and perturbation theory to derive a diagonal Hamiltonian describing the system.
As in Ref. [55] let us consider the general linear-coupling of a multi-level material system and a single oscillator.
Partitioned into unperturbed and interaction parts the most general such Hamiltonian is
H = H0 + V ≡
[∑
n
n |n〉 〈n|+ Ωa†a
]
+
[∑
nm
gnm |n〉 〈m| a+ H.c.
]
. (83)
If in the fluxonium-LC Hamiltonian of Eq. (6) of the main text we ignore the flux self-energy contribution α2φ2/2L,
which is not important for our analysis, then the Hamiltonian in Eq. (6) of the main text is of the form of H in
Supplementary Eq. (83) upto a c-number offset term.
Using an appropriate unitary transformation eiS and second order perturbation theory, in the dispersive regime an
effective Hamiltonian can be derived from Supplementary Eq. (83) as [55]
Heff = ωa
†a +
∑
n
(n + κn) |n〉 〈n|+
∑
n
χna
†a |n〉 〈n| (84)
where |n〉 〈n| = eiS |n〉 〈n| e−iS and a = eiSae−iS are dressed operators. For details of the method of derivation of
Heff we refer to [55]. The additional energy coefficients κn and χn are given by ordinary stationary second order
perturbation theory and are found to be [55]
κn =
∑
m
|gnm|2
nm − Ω , χn = 2
∑
m
|gnm|2 nm
2nm − Ω2
. (85)
The κn are material level shifts (Lamb-shifts) while the χn are ac-Stark shifts, which can be understood as material
level-dependent oscillator shifts ω → ω + χn, or as oscillator-dependent material shifts; n → n + χna†a. It is
important to note that for the fluxonium-LC Hamiltonian in Eq. (6) of the main text the unperturbed Hamiltonian
H0 as well as the interaction V are different in each gauge. More precisely, for H in Supplementary Eq. (83) to match
the fluxonium-LC Hamiltonian in Eq. (6) of the main text the oscillator frequency Ω must be identified as ωα and
the coupling constants gnm must be identified as
gnm =
φnm√
2ωαL
(nm(1− α) + ωαα). (86)
In the general α-gauge we obtain κn and χn through substitution of Ω = ωα and Supplementary Eq. (86) into Sup-
plementary Eq. (85). The expressions obtained are α-dependent. Flux-gauge coupling is weighted in Supplementary
Eq. (86) by α and depends on the matrix elements φnm, which are shown for the first few fluxonium levels in Sup-
plementary Fig. 5 (a). Charge gauge coupling is weighted by 1 − α and depends on the matrix elements ωnmφnm
shown in Supplementary Fig. 5 (b). The matrix elements φnm are largest between adjacent states, so their higher
level contributions are suppressed for a sufficiently anharmonic fluxonium system [41]. The same is not true for the
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(a) (b)
Supplementary Figure 5: Matrix elements of material canonical operators. In all plots El = 0.33µeV, EJ = 10El = Ec,
and φext = pi/2e. (a) Magnitude of dipole matrix elements |φnm|2 normalised by the largest element in the array. For
sufficiently anharmonic material spectra the contributions of levels n, m > 1 are negligible (b) Magnitude of effective canonical
momentum matrix elements |nmφnm|2 normalised by the largest element in the array. Even for highly anharmonic spectra the
contributions of levels n, m > 1 are non-negligible in general.
matrix elements nmφnm and this is largely why the charge-gauge QRM is inaccurate even in the regime of small δ
where the flux-gauge QRM is relatively accurate in predicting transition energies [41] (Supplementary Note 5).
Let us now consider the three gauges of most importance for our purposes, namely, the flux-gauge, charge gauge
and JC-gauge. We begin with the flux-gauge, for which we obtain
κn = g
2
∑
m
∣∣∣∣φnmϕ
∣∣∣∣2 1nm − ω , (87)
χn = 2g
2
∑
m
∣∣∣∣φnmϕ
∣∣∣∣2 nm2nm − ω2 . (88)
For the shifts κn contributions from higher material levels m > 1 are limited, because the ratios |φnm/ϕ|2, n =
0, 1, m > 1 are generally small [Supplementary Fig. 5 (a)]. Although the χn also depend on |φnm/ϕ|2 the remaining
energy denominator nm/(
2
nm − ω2) is large for levels m > n = 0, 1 whenever there is a resonance mn ∼ ω. If δ is
large such that there exist higher levels m > n = 0, 1 for which m ∈ [0, ω] it is clear that such resonances can occur,
and that they will render higher material levels non-negligible despite the material anharmonicity. The flux-gauge
QRM will therefore generally only be accurate for sufficiently small δ and η. We note that this accuracy often includes
qualitatively accurate predictions of higher system levels En > E for small enough δ and η [41] (see Supplementary
Note 5).
In the charge-gauge we obtain
κn = g
2
∑
m
∣∣∣∣φnmϕ
∣∣∣∣2 1ωω0 
2
nm
nm − ω0 , (89)
χn = 2g
2
∑
m
∣∣∣∣φnmϕ
∣∣∣∣2 1ωω0 
3
nm
2nm − ω20
. (90)
Like in the flux-gauge resonances in χn involving higher material levels can occur and will generally be non-negligible
for large δ. The charge-gauge oscillator renormalisation only exacerbates this situation by increasing the oscillator
frequency ω0 ≥ ω. Unlike in the flux-gauge an additional contribution from higher material levels also occurs via the
matrix elements nmφnm, For these matrix elements the contribution from higher material levels can be much bigger
than that of the lowest two [41] [Supplementary Fig. 5 (b)]. As a result the charge-gauge QRM can be expected to
break down even when δ is small and the coupling strength is modest. In fact as explained below the charge-gauge
becomes increasingly inaccurate as δ decreases. On the other hand, for large δ the charge-gauge linear coupling term
2Ecξ0ζ/e
2 (ignoring the oscillator renormalisation) has strength g0 = g/δ within the two-level truncation. Thus, if δ
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Supplementary Figure 6: The ratio of charge-gauge QRM and flux-gauge QRM coupling strengths. In all plots
El = 0.33µeV, EJ = 10El = Ec, φext = pi/2e. The ratio g˜0/g of the (renormalised) charge-gauge QRM and flux-gauge QRM
coupling strengths is plotted as a function of δ with η = 1. The effect of the charge-gauge renormalisation of the oscillator
frequency is shown by comparison with g0/g = 1/δ.
is large, e.g., if δ = 5 as considered in the main text and further below (see Supplementary Note 5), then the linear
charge-gauge light-matter coupling is much weaker than the corresponding flux-gauge coupling. A more relevant
comparison must however account for the renormalisation of the oscillator frequency in the charge-gauge, which is
ω0 = ωµ0 with
µ20 = 1 +
4Ec
ωme2ϕ2
[
η2
δ
]
. (91)
This renormalisation in turn alters the charge-gauge QRM coupling strength, which becomes g˜0 = g/(δ
√
µ0). The
ratio g˜0/g is shown in Supplementary Fig. 6. Like g0 the coupling g˜0 remains relatively weak compared to g for large
δ [Supplementary Fig. 6]. Results in the main text and in Supplementary Note 5 confirm that the relative weakness
of g˜0 compared with g allows the charge gauge QRM to (qualitatively) accurately predict the lowest two levels G and
E for sufficiently large δ, unless η is very large. In contrast, for large η and small δ < 1 the charge-gauge coupling
becomes relatively large compared to the flux-gauge coupling. Combined with the generally non-negligible higher
material levels already discussed above, two-level models with α ∼ 0 can be expected to become rather inaccurate
for large η and small δ. Indeed, in agreement with Ref. [41] our results (see Supplementary Note 5) confirm that the
performance of the charge-gauge QRM diminishes rapidly with decreasing δ and increasing η even for the first two
levels G and E.
Finally we remark on the αJC-gauge JCM, which symmetrically mixes the flux and charge-gauge QRM couplings.
In the JC-gauge we obtain
κn = g
2
∑
i
∣∣∣∣φniϕ
∣∣∣∣2 ωJCω (ωm + ni)2(ni − ωJC)(ωm + ωJC)2 , (92)
χn = 2g
2
∑
i
∣∣∣∣φniϕ
∣∣∣∣2 ωJCω (ωm + ni)2ni(2ni − ω2JC)(ωm + ωJC)2 (93)
where ωm = 10 is the first material transition frequency. By construction, the contributions of the first material level
i = 1 to the ground shifts κ0 and χ0, are zero due to the factor ωm + ni in the numerator of both shifts. Thus, in
the JC-gauge the bare ground state is only coupled to other levels via counter-rotating contributions involving matrix
elements of position and momentum between |JC0 〉 and |JCi 〉 , i > 1. These contributions make κ0 in Supplementary
Eq. (92) non-zero in the non-truncated theory. Since κ0 is the shift of the state |JCn , 0JC〉, which is also the ground
state of the JC-gauge two-level model, it quantifies the deviation between the ground state of the JC-gauge two-level
model and the true ground state |G〉 of the non-truncated Hamiltonian. In the case of both position and momentum
matrix elements the material ground state |JC0 〉 is predominantly linked to the first level |JC1 〉 (Supplementary Fig. 5).
Matrix elements involving |JC0 〉 and higher levels are smaller especially in the case of the flux operator φ. As a result
κ0 is small in the JC-gauge, which explains why the JC-gauge two-level model gives a good representation of the
21
1
0 6
1
0 2(a) δ
αJC
1/(1 + δ)
αJC
(b) η
Supplementary Figure 7: The αJC-gauge parameter as a function of coupling and detuning. In all plots El = 0.33µeV,
EJ = 10El = Ec, φext = pi/2e. (a) αJC and 1/(1 + δ) as a function of δ with η = 1. (b) αJC as a function of η with δ = 1.
ground state. Indeed our results confirm that the JC gauge two-level model actually always outperforms the available
QRMs in predicting the ground state and its energy.
To understand the accuracy of the JC-gauge two-level model more generally we consider how αJC varies with δ
and η. This is shown in Supplementary Fig. 7. The effect of the renormalisation of the oscillator frequency is shown
by comparison with ωm/(ω + ωm) = 1/(1 + δ) which equals αJC if ωJC is approximated as ω. As δ increases αJC
decays quite rapidly from 1 towards 0 indicating that the JC-gauge becomes predominantly charge-like for even fairly
small δ. For large δ both the flux and charge-gauge QRMs are inaccurate for levels En > E, and the JC-gauge is
therefore also inaccurate for these levels. More surprising is the inaccuracy of the JC-gauge for levels En > E when δ
is small. For example, when δ = 1/5 the flux-gauge QRM is relatively accurate (see Supplementary Note 5) and for
this value of δ we obtain αJC ∼ 0.8 when η = 1 indicating a predominantly flux-like coupling within the JC-gauge.
For δ = 1/5 the JC-gauge two-level model is nevertheless relatively inaccurate (compared with the flux-gauge QRM)
in predicting levels En > E for sufficiently large couplings (see Supplementary Note 5). This can only be attributed
to the quite severe breakdown of the charge-gauge QRM for small δ combined with the decrease in αJC towards the
charge-gauge value 0, as the coupling η increases [Supplementary Fig. 7 (b)].
Supplementary Note 5: Further anaysis; alternative parameter regimes
Here we provide further analysis of two-level models via comparison with exact predictions. Our findings are
consistent with the analysis of Supplementary Note 4 above. We divide this part into three sections corresponding
to three values of the detuning δ = 1/5, 1, 5. For each value of δ we consider variations in the remaining parameters
η, φext, α. For large detuning δ = 5 two-level models tend to be inaccurate in predicting dressed energies En > E
with E the first excited level. The charge gauge QRM is more accurate than the flux gauge QRM for the first two
levels while the JC-gauge is the most accurate two-level model. As δ decreases the charge gauge QRM becomes less
accurate and the flux-gauge QRM more accurate. The JC-gauge two-level model typically remains the most accurate
for the first two system levels, but unlike the charge-gauge QRM and JC-gauge two-level model the flux gauge QRM
is able to give qualitative agreement with the non-truncated model for levels En > E provided δ and η are sufficiently
small.
1. δ = 5
We begin with the most experimentally relevant regime presently, δ = 5. We show in Supplementary Fig. 8 how
the first two dressed energies behave as φext is varied within the deep-strong coupling regime η = 1.5. The JC-gauge
two-level model provides reasonable qualitative agreement with the exact energies while the flux and charge-gauge
QRMs are significantly less accurate. The flux and charge-gauge JCMs are also inaccurate as expected.
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Supplementary Figure 8: Lowest energy levels as functions of external flux. In all plots El = 0.33µeV, EJ = 10El = Ec,
δ = 5 and η = 1.5. (a) The ground energy is plotted with φext for the flux-gauge and charge-gauge QRMs, for the JC-gauge
two-level model and for the exact model (solid red). (b) For the same range as (a) the ground energy is plotted with φext for
the flux-gauge and charge-gauge JCMs, and for the exact model. (c) Same as (a) for the first excited energy. (d) Same as (b)
for the first excited energy.
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Supplementary Figure 9: Lowest energy levels as functions of the gauge parameter. In all plots El = 0.33µeV,
EJ = 10El = Ec, δ = 5, φext = pi/2e and η = 1. The first five Hamiltonian energies are plotted as functions of α. The dashed
lines give the α-independent exact energies, while the solid curves give the corresponding energies found within the two-level
truncation. The vertical line specifies the value αJC.
Next we restrict our attention to the maximal frustration φext = pi/2e point and consider how predictions vary with
α while other parameters are held fixed. Supplementary Fig. 9 shows how the dressed energies of the general α-gauge
two-level model varies with α when η = 1. All two-level models become inaccurate for dressed levels En > E. For
the specified parameters two-level models with α near to αJC = 0.132 are accurate in predicting the first two energy
values.
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Supplementary Figure 10: Fidelities of the lowest eigenstates as functions of the gauge parameter. El = 0.33µeV,
EJ = 10El = Ec, δ = 5 and φext = pi/2e. The ground state fidelity of two-level model states |Gα2 〉 and |Eα2 〉 in the ground state
|G〉 are plotted as functions of α for η = 1, 1.5, 2 (solid lines). The straight dashed lines show the values of F JCG for the same
three coupling strengths. The dash-dotted lines show the overlap |〈Eα2 |G〉|2 as a function of α for η = 1.5, 2.
Supplementary Fig. 10 shows how the ground and excited state state fidelities Fαg,e vary with α for various couplings.
For sufficiently small η the JC-gauge two-level model is always close to the optimal two-level model for representing
the ground state. For larger η degeneracy points of the first two-levels occur for certain values of α. For such α
a transfer of population within the exact ground state |G〉 from the ground state |Gα2 〉 into the excited state |Eα2 〉
occurs, such that the state |Eα2 〉 becomes a better representation of the true ground state |G〉. In fact for large
enough η there exists a value αopt that through |Eαopt2 〉 gives the best possible representation of |G〉, i.e., is such that
|〈Eαopt2 |G〉|2 ≥ Fαg , ∀α.
2. δ = 1
Next we consider the case of resonance δ = 1. Here for the first two levels the JC-gauge two-level model again
provides energies closest to the exact energies. The JC-gauge again also provides the best representation of the ground
state (Supplementary Fig. 11). The flux-gauge QRM becomes more accurate and is typically more accurate than the
charge-gauge QRM (Supplementary Fig. 12). For η > 0.4 the excited state of the flux-gauge QRM has larger overlap
with the exact excited state than the JC-gauge JCM. Two-level models remain largely inaccurate for levels En > E
in this regime of detuning, although the flux-gauge QRM accurately predicts certain energies for levels En > E e.g.
n = 3, 5, 8 as shown in Supplementary Fig. 13 for η = 1.
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Supplementary Figure 11: Lowest energies as functions of coupling strength. In all plots El = 0.33µeV, EJ = 10El = Ec,
δ = 1 and φext = pi/2e. (a) The ground energy is plotted with η for the flux-gauge and charge-gauge QRMs, for the JC-gauge
two-level model, for the exact model, and for the flux and charge-gauge JCMs obtained via the RWA. (b) The ground state
fidelity FαG is plotted with η for the flux and charge-gauge QRMs, for the JC-gauge two-level model and for the flux and
charge-gauge JCMs. (c) Same as (a) for the first excited energy. (d) Same as (b) for the first excited state.
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Supplementary Figure 12: Lowest energies as functions of external flux. In all plots El = 0.33µeV, EJ = 10El = Ec,
δ = 1 and η = 1/2. (a) The ground energy is plotted with φext for the flux-gauge and charge-gauge QRMs, for the JC-gauge
two-level model and for the exact model. (b) For the same range as (a) the ground energy is plotted with φext for the flux-gauge
and charge-gauge JCMs, and for the exact model. (c) Same as (a) for the first excited energy. (d) Same as (b) for the first
excited energy.
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Supplementary Figure 13: Lowest energies as functions of the gauge parameter. El = 0.33µeV, EJ = 10El = Ec,
δ = 1, φext = pi/2e and η = 1. The first 11 Hamiltonian energies are plotted as functions of α. The dashed lines give the
α-independent exact energies, while the solid curves give the corresponding energies found within the two-level truncation. The
vertical lines specifiy the value αJC and the flux-gauge α = 1 respectively.
3. δ = 1/5
Next we consider the regime ω0 > ω by letting δ = 1/5. Here the JC-gauge again provides the best representation
of the ground state and for the first two levels again provides energies closest to the exact energies (Supplementary
Fig. 14). The flux-gauge QRM becomes yet more accurate while the charge-gauge QRM becomes yet more inaccurate
(Supplementary Fig. 15). As in the case of the charge-gauge QRM in the regime δ = 5 the RWA is seen to incur very
little error when applied to the flux-gauge QRM in the regime δ = 1/5. The flux-gauge JCM therefore occasionally
outperforms the charge-gauge QRM (Supplementary Fig. 15). The flux-gauge QRM becomes much more accurate at
predicting energy values for levels En > E as shown in Supplementary Fig. 16. Again all two-level models breakdown
for these levels when the coupling is sufficiently large.
26
1.6
3
0 1.5
1.4
2.5
0.85
1
0.85
1
0 1.5
E
(µ
eV
)
(c) η
G
(µ
eV
)
(a)
f-JCM
flux
charge
JC
exact F
α G
(b)
F
α E
(d) η
’fidexJC1f.txt’
’fidex1f.txt’
charge
JC
Supplementary Figure 14: Lowest energies as functions of coupling strength. In all plots El = 0.33µeV, EJ = 10El = Ec,
δ = 1/5 and φext = pi/2e. (a) The ground energy is plotted with η for the flux-gauge and charge-gauge QRMs, for the JC-gauge
two-level model, for the exact model, and for the charge-gauge JCM obtained via the RWA. (b) The ground state fidelity FαG
is plotted with η for the flux-gauge α = 1 and charge-gauge α = 0 QRMs, for the JC-gauge and for charge-gauge JCM. (c)
Same as (a) for the first excited energy. (d) Same as (b) for the first excited state.
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Supplementary Figure 15: Lowest energies as functions of external flux. In all plots El = 0.33µeV, EJ = 10El = Ec,
δ = 1/5 and η = 1/2. (a) The ground energy is plotted with φext for the flux-gauge and charge-gauge QRMs, for the JC-gauge
two-level model and for the exact model (solid red). (b) For the same range as (a) the ground energy is plotted with φext for
the flux-gauge and charge-gauge JCMs, and for the exact model. (c) Same as (a) for the first excited energy. (d) Same as (b)
for the first excited energy.
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Supplementary Figure 16: Lowest energies as functions of the gauge parameter. El = 0.33µeV, EJ = 10El = Ec,
δ = 1/5, φext = pi/2e and η = 1. The first 11 Hamiltonian energies are plotted as functions of α. The dashed lines give the
α-independent exact energies, while the solid curves give the corresponding energies found within the two-level truncation. The
vertical lines specifiy the value αJC and the flux-gauge α = 1 respectively. The exact energies for levels 9 and 10 are nearly
equal at 3.6995µeV and 3.6997µeV respectively.
Supplementary Note 6: Photon number averages
As an example of an observable different from the energy we consider here photon number. Each different gauge
α has two associated photon number operators, a†αaα and c
†
αcα. The number operator a
†
αaα has associated energy
Hαc = ω(a
†
αaα + 1/2), whereas the number operator c
†
αcα implicitly includes the oscillator self-energy contribution
Ec(1−α)2ζ2/e2 such that the associated energy is Hαc +Ec(1−α)2ζ2/e2 = ωα(c†αcα + 1/2) where ω2α = ω2 +Ec(1−
α)2Cζ2/e2. If and only if α = 1 does one obtain c†αcα = a
†
αaα. We focus on the renormalised number operator c
†
αcα,
which can be expressed in terms of operators associated with any other gauge α′ 6= α by using the unitary relation
between cα and aα and then using the unitary relation between aα and aα′ . Explicitly we have
nα = c
†
αcα =
1
2
(
ω
ωα
+
ωα
ω
)
a†αaα +
1
4
(
ω
ωα
− ωα
ω
)
(a†α
2
+ a2α) +
1
4
(
ω
ωα
+
ωα
ω
− 2
)
, (94)
and
aα = aα′ +
η
ϕ
(α′ − α)φ. (95)
Upon substitution of Supplementary Eq. (95) into the right-hand-side of Supplementary Eq. (94) one obtains nα =
nα(yα′) expressed as a function of α
′-gauge ladder operators and φ. The expression includes terms quadratic in φ
implying that, like the Hamiltonian, there are at least two non-equivalent ways of defining nα within the α
′-gauge
two-level model, because Pα
′
φ2Pα
′ 6= (Pα′φPα′)2 (see Supplementary Note 2). The two possible definitions of nα in
the α′-gauge two-level model are given by the left and right-hand-sides of the inequality
Pα
′
nα(yα′)P
α′ 6= nα(Pα′yα′Pα′). (96)
Supplementary Fig. 17 shows the averages 〈c†1c1〉G and 〈c†1c1〉E in the ground and first energy states |G〉 and |E〉
found using various two-level models and the exact model. The predictions of two-level models in gauges other than
the flux-gauge are found using the definition given by the right-hand-side of the inequality (96). The JC-gauge two-
level model is more accurate than the flux-gauge QRM, the flux and charge-gauge JCMs, and is comparable to the
charge-gauge QRM.
As a second example we consider the JC-gauge photon number operator c†JCcJC. In the ground state of the JC-
gauge two-level model the average of this observable is zero for all coupling strengths. Thus, the exact average should
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be approximately zero for coupling strengths for which higher material levels can be neglected within the JC-gauge.
Supplementary Fig. 18 shows that the exact average is zero for sufficiently small coupling, but begins to grow for
larger coupling strengths, which gives an indication of the relative validity of the JC-gauge two-level truncation. The
flux-gauge QRM prediction for this observable is given for definitions provided by both the right and left-hand-sides
of the inequality (96). These definitions are labelled type 1 and type 2 respectively. In both cases the flux-gauge
QRM overestimates the average and is less accurate than the JC-gauge two-level model.
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Supplementary Figure 17: Predictions of the number of flux-gauge photons as functions of coupling strength. In
all plots El = 0.33µeV, EJ = 10El = Ec, δ = 5 and φext = pi/2e. (a). The ground state average flux-gauge photon number is
plotted with coupling η, for the flux-gauge and charge-gauge QRMs, for the JC-gauge two-level model, the exact theory, and
the charge-gauge JCM (c-JCM). The flux-gauge JCM is inaccurate in the regime considered and is not shown. (b) Same as
(a) for the first excited state average. In both graphs the plots corresponding to two-level models in gauges other than the
flux gauge are found using the definition on the right-hand-side of inequality (96). The charge-gauge QRM, JC-gauge two-level
model, and the exact number prediction are very close together, and in the case of the excited state the charge-gauge JCM is
also accurate in this regime.
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Supplementary Figure 18: Predictions of the number of JC-gauge photons as functions of coupling strength. In
all plots El = 0.33µeV, EJ = 10El = Ec, δ = 5 and φext = pi/2e. (a) The ground state average JC-gauge photon number
is plotted with coupling η, for the flux-gauge and the exact theory. The exact result remains approximately zero well into
the ultrastrong regime indicating that the JC-gauge two-level model remains accurate. (b) Same as (a) for the first excited
state average. The JC-gauge two-level model prediction is not identically zero in the excited state and has been included. In
both graphs the flux-gauge QRM plots are given for definitions provided by both the right and left-hand-sides of the inequality
(96), which are labelled type 1 and type 2 respectively. In both cases the flux-gauge QRM is less accurate than the JC-gauge
two-level model in the ultrastrong-coupling regime.
29
[1] Liu, Y.-x., You, J. Q., Wei, L. F., Sun, C. P. & Nori, F. Optical Selection Rules and Phase-Dependent Adiabatic State
Control in a Superconducting Quantum Circuit. Physical Review Letters 95, 087001 (2005). URL https://link.aps.
org/doi/10.1103/PhysRevLett.95.087001.
[2] Manucharyan, V. E., Koch, J., Glazman, L. I. & Devoret, M. H. Fluxonium: Single Cooper-Pair Circuit Free of Charge
Offsets. Science 326, 113–116 (2009). URL http://science.sciencemag.org/content/326/5949/113.
[3] Bourassa, J. et al. Ultrastrong coupling regime of cavity QED with phase-biased flux qubits. Physical Review A 80, 032109
(2009). URL https://link.aps.org/doi/10.1103/PhysRevA.80.032109.
[4] Forn-Daz, P. et al. Observation of the Bloch-Siegert Shift in a Qubit-Oscillator System in the Ultrastrong Coupling Regime.
Physical Review Letters 105, 237001 (2010). URL https://link.aps.org/doi/10.1103/PhysRevLett.105.237001.
[5] Niemczyk, T. et al. Circuit quantum electrodynamics in the ultrastrong-coupling regime. Nature Physics 6, 772–776
(2010). URL https://www.nature.com/articles/nphys1730.
[6] Peropadre, B., Forn-Daz, P., Solano, E. & Garca-Ripoll, J. J. Switchable Ultrastrong Coupling in Circuit QED. Physical
Review Letters 105, 023601 (2010). URL https://link.aps.org/doi/10.1103/PhysRevLett.105.023601.
[7] Peropadre, B., Zueco, D., Porras, D. & Garca-Ripoll, J. J. Nonequilibrium and Nonperturbative Dynamics of Ultra-
strong Coupling in Open Lines. Physical Review Letters 111, 243602 (2013). URL https://link.aps.org/doi/10.1103/
PhysRevLett.111.243602.
[8] Bell, M., Zhang, W., Ioffe, L. & Gershenson, M. Spectroscopic Evidence of the Aharonov-Casher Effect in a Cooper Pair
Box. Physical Review Letters 116, 107002 (2016). URL https://link.aps.org/doi/10.1103/PhysRevLett.116.107002.
[9] Baust, A. et al. Ultrastrong coupling in two-resonator circuit QED. Physical Review B 93, 214501 (2016). URL https:
//link.aps.org/doi/10.1103/PhysRevB.93.214501.
[10] Chen, Z. et al. Single-photon-driven high-order sideband transitions in an ultrastrongly coupled circuit-quantum-
electrodynamics system. Physical Review A 96, 012325 (2017). URL https://link.aps.org/doi/10.1103/PhysRevA.
96.012325.
[11] Yoshihara, F. et al. Superconducting qubitoscillator circuit beyond the ultrastrong-coupling regime. Nature Physics 13,
44–47 (2017). URL https://www.nature.com/articles/nphys3906.
[12] Bosman, S. J. et al. Multi-mode ultra-strong coupling in circuit quantum electrodynamics. npj Quantum Information 3
(2017). URL https://doi.org/10.1038/s41534-017-0046-y.
[13] Yoshihara, F. et al. Characteristic spectra of circuit quantum electrodynamics systems from the ultrastrong- to the deep-
strong-coupling regime. Physical Review A 95, 053824 (2017). URL https://link.aps.org/doi/10.1103/PhysRevA.95.
053824.
[14] Yoshihara, F. et al. Inversion of Qubit Energy Levels in Qubit-Oscillator Circuits in the Deep-Strong-Coupling Regime.
Physical Review Letters 120, 183601 (2018). URL https://link.aps.org/doi/10.1103/PhysRevLett.120.183601.
[15] Arroyo-Correa, G. & Sanchez-Mondragon, J. J. The Jaynes-Cummings model thermal revivals. Quantum Optics: Journal
of the European Optical Society Part B 2, 409 (1990). URL http://stacks.iop.org/0954-8998/2/i=6/a=001.
[16] Shore, B. W. & Knight, P. L. The Jaynes-Cummings Model. Journal of Modern Optics 40, 1195–1238 (1993). URL
https://doi.org/10.1080/09500349314551321.
[17] Li, Y., Wang, G. & Wu, Y. Jaynes-Cummings Model and Trapping of Atoms. International Journal of Theoretical Physics
37, 2395–2401 (1998). URL https://link.springer.com/article/10.1023/A:1026619125914.
[18] Berman, P. R. & Ooi, C. H. R. Collapse and revivals in the Jaynes-Cummings model: An analysis based on the Mollow
transformation. Physical Review A 89, 033845 (2014). URL https://link.aps.org/doi/10.1103/PhysRevA.89.033845.
[19] Auffeves, A. et al. Strong Light-Matter Coupling: From Atoms to Solid-State Physics (World Scientific Publishing Company,
New Jersey, 2013).
[20] Nielsen, M. A. & Chuang, I. L. Quantum Computation and Quantum Information (Cambridge University Press, Cambridge
; New York, 2000).
[21] Romero, G., Ballester, D., Wang, Y. M., Scarani, V. & Solano, E. Ultrafast Quantum Gates in Circuit QED. Physical
Review Letters 108, 120501 (2012). URL https://link.aps.org/doi/10.1103/PhysRevLett.108.120501.
[22] Kyaw, T. H., Herrera-Mart, D. A., Solano, E., Romero, G. & Kwek, L.-C. Creation of quantum error correcting codes
in the ultrastrong coupling regime. Physical Review B 91, 064503 (2015). URL https://link.aps.org/doi/10.1103/
PhysRevB.91.064503.
[23] Felicetti, S. et al. Dynamical Casimir Effect Entangles Artificial Atoms. Physical Review Letters 113, 093602 (2014). URL
https://link.aps.org/doi/10.1103/PhysRevLett.113.093602.
[24] Rossatto, D. Z. et al. Entangling polaritons via dynamical Casimir effect in circuit quantum electrodynamics. Physical
Review B 93, 094514 (2016). URL https://link.aps.org/doi/10.1103/PhysRevB.93.094514.
[25] Braak, D. Integrability of the Rabi Model. Physical Review Letters 107, 100401 (2011). URL https://link.aps.org/
doi/10.1103/PhysRevLett.107.100401.
[26] Hepp, K. & Lieb, E. H. On the superradiant phase transition for molecules in a quantized radiation field: the dicke
maser model. Annals of Physics 76, 360–404 (1973). URL http://www.sciencedirect.com/science/article/pii/
0003491673900390.
[27] Lamb, W. E. Fine Structure of the Hydrogen Atom. III. Physical Review 85, 259–276 (1952). URL https://link.aps.
org/doi/10.1103/PhysRev.85.259.
[28] Yang, K.-H. Gauge invariance and experimental processes An experimentalist’s point of view. Physics Letters A 92, 71–74
30
(1982). URL http://www.sciencedirect.com/science/article/pii/0375960182902961.
[29] Kobe, D. H. Question of Gauge: Nonresonant Two-Photon Absorption. Physical Review Letters 40, 538–540 (1978). URL
https://link.aps.org/doi/10.1103/PhysRevLett.40.538.
[30] Fried, Z. Vector Potential Versus Field Intensity. Physical Review A 8, 2835–2844 (1973). URL https://link.aps.org/
doi/10.1103/PhysRevA.8.2835.
[31] Bassani, F., Forney, J. J. & Quattropani, A. Choice of Gauge in Two-Photon Transitions: 1s − 2s Transition in Atomic
Hydrogen. Physical Review Letters 39, 1070–1073 (1977). URL https://link.aps.org/doi/10.1103/PhysRevLett.39.
1070.
[32] Forney, J. J., Quattropani, A. & Bassani, F. Choice of gauge in optical transitions. Il Nuovo Cimento B (1971-1996) 37,
78–88 (1977). URL https://doi.org/10.1007/BF02727959.
[33] Cohen-Tannoudji, C., Dupont-Roc, J. & Grynberg, G. Photons and Atoms: Introduction to Quantum Electrodynamics
(Wiley-VCH, Weinheim, 1997), 1st edn.
[34] Woolley, R. G. Gauge invariance in nonrelativistic electrodynamics. Proc. R. Soc. Lond. A 456, 1803–1819 (2000). URL
http://rspa.royalsocietypublishing.org/content/456/2000/1803.
[35] Stokes, A. On the gauge of the natural lineshape. Journal of Physics B: Atomic, Molecular and Optical Physics 46, 145505
(2013). URL http://stacks.iop.org/0953-4075/46/i=14/a=145505.
[36] Stokes, A. & Nazir, A. A master equation for strongly interacting dipoles. New Journal of Physics 20, 043022 (2018).
URL http://stacks.iop.org/1367-2630/20/i=4/a=043022.
[37] Drummond, P. D. Unifying the p ·A and d · E interactions in photodetector theory. Physical Review A 35, 4253–4262
(1987). URL https://link.aps.org/doi/10.1103/PhysRevA.35.4253.
[38] Baxter, C., Babiker, M. & Loudon, R. Gauge invariant QED with arbitrary mixing of p ·A and d ·E interactions. Journal
of Modern Optics 37, 685–699 (1990). URL https://doi.org/10.1080/09500349014550761.
[39] Stokes, A., Kurcz, A., Spiller, T. P. & Beige, A. Extending the validity range of quantum optical master equations. Physical
Review A 85, 053805 (2012). URL https://link.aps.org/doi/10.1103/PhysRevA.85.053805.
[40] De Bernardis, D., Jaako, T. & Rabl, P. Cavity quantum electrodynamics in the nonperturbative regime. Physical Review
A 97, 043820 (2018). URL https://link.aps.org/doi/10.1103/PhysRevA.97.043820.
[41] De Bernardis, D., Pilar, P., Jaako, T., De Liberato, S. & Rabl, P. Breakdown of gauge invariance in ultrastrong-coupling
cavity QED. Phys. Rev. A 98, 053819 (2018). URL https://link.aps.org/doi/10.1103/PhysRevA.98.053819.
[42] Dirac, P. A. M. Lectures on Quantum Mechanics (Dover Publications Inc., Mineola, NY, 2003).
[43] Muoz, C. S., Nori, F. & Liberato, S. D. Resolution of superluminal signalling in non-perturbative cavity quantum electro-
dynamics. Nature Communications 9, 1924 (2018). URL https://www.nature.com/articles/s41467-018-04339-w.
[44] Rzaewski, K., Wdkiewicz, K. & akowicz, W. Phase Transitions, Two-Level Atoms, and the A2-Term. Physical Review
Letters 35, 432–434 (1975). URL https://link.aps.org/doi/10.1103/PhysRevLett.35.432.
[45] Keeling, J. Coulomb interactions, gauge invariance, and phase transitions of the Dicke model. Journal of Physics:
Condensed Matter 19, 295213 (2007). URL http://stacks.iop.org/0953-8984/19/i=29/a=295213.
[46] Viehmann, O., von Delft, J. & Marquardt, F. Superradiant Phase Transitions and the Standard Description of Circuit
QED. Physical Review Letters 107, 113602 (2011). URL https://link.aps.org/doi/10.1103/PhysRevLett.107.113602.
[47] Nataf, P. & Ciuti, C. No-go theorem for superradiant quantum phase transitions in cavity QED and counter-example in
circuit QED. Nature Communications 1, 72 (2010). URL https://www.nature.com/articles/ncomms1069.
[48] Vukics, A., Grieer, T. & Domokos, P. Elimination of the A-Square Problem from Cavity QED. Physical Review Letters
112, 073601 (2014). URL https://link.aps.org/doi/10.1103/PhysRevLett.112.073601.
[49] Ashhab, S. & Nori, F. Qubit-oscillator systems in the ultrastrong-coupling regime and their potential for preparing
nonclassical states. Physical Review A 81, 042311 (2010). URL https://link.aps.org/doi/10.1103/PhysRevA.81.
042311.
[50] Ashhab, S. Superradiance transition in a system with a single qubit and a single oscillator. Physical Review A 87, 013826
(2013). URL https://link.aps.org/doi/10.1103/PhysRevA.87.013826.
[51] Bamba, M., Inomata, K. & Nakamura, Y. Superradiant Phase Transition in a Superconducting Circuit in Thermal
Equilibrium. Physical Review Letters 117, 173601 (2016). URL https://link.aps.org/doi/10.1103/PhysRevLett.117.
173601.
[52] Barton, G. Frequency shifts near an interface: inadequacy of two-level atomic models. Journal of Physics B: Atomic and
Molecular Physics 7, 2134 (1974). URL http://stacks.iop.org/0022-3700/7/i=16/a=012.
[53] Manucharyan, V. E., Baksic, A. & Ciuti, C. Resilience of the quantum Rabi model in circuit QED. Journal of Physics A:
Mathematical and Theoretical 50, 294001 (2017). URL http://stacks.iop.org/1751-8121/50/i=29/a=294001.
[54] Allen, L. & Eberly, J. H. Optical Resonance and Two-level Atoms (Courier Corporation, 1975).
[55] Zhu, G., Ferguson, D. G., Manucharyan, V. E. & Koch, J. Circuit QED with fluxonium qubits: Theory of the dispersive
regime. Physical Review B 87, 024510 (2013). URL https://link.aps.org/doi/10.1103/PhysRevB.87.024510.
